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Abstract. We prove the Zorich-Kontsevich conjecture that the non-trivial Lyapunov exponents 
of the Teichmiiller flow on (any connected component of a stratum of) the moduli space of Abelian 
differentials on compact Riemann surfaces are all distinct. By previous work of Zorich and Kontse- 
vich, this implies the existence of the complete asymptotic Lagrangian flag describing the behavior 
in homology of the vertical foliation in a typical translation surface. 



1. Introduction 

A translation surface is a compact orientable surface endowed with a flat metric with finitely- 
many conical singularities and a unit parallel vector field. Another equivalent description is through 
complex analysis: a translation surface is a pair (M, tu) where M is a Riemann surface and u> is an 
Abelian differential, that is, a complex holomorphic I-form: the metric is then given by \oj\ and a 
unit parallel vector field is specified by u> ■ v = i. We call vertical flow the flow <fit along the vector 
field v. It is defined for all times except for finitely many orbits that meet the singularities in finite 
time. 

The space of all translation surfaces of genus g, modulo isometries preserving the parallel vector 
fields, is thus identified with the moduli space of Abelian differentials A4 g . If we also specify the 
orders K of the zeroes of ui, the space of translation surfaces, modulo isometry, is identified with 
a stratum M g ^ K C M. g - Each such stratum is a complex affine variety, and so is endowed with a 
Lebesgue measure class. 

1.1. The Zorich phenomenon. Pick a typical (with respect to the Lebesgue measure class) trans- 
lation surface (M, u>) in M. g , K - Consider segments of orbit = {(pt(x), < t < e T }, where x is 
chosen arbitrarily such that the vertical flow is defined for all times, and let 7J be a closed loop 
obtained by concatenating with a segment of smallest possible length joining <j> e T (x) to x. Then 
[7J] G H\(M) is asymptotic to e T c, where c G H\(M) \ {0} is the Schwartzman [Sc] asymptotic 
cycle. 

If g = 1 then this approximation is quite good: the deviation from the line F± spanned by the 
asymptotic cycle is bounded. When g = 2, one gets a richer picture: [7J] oscillates around F% with 
amplitude roughly e A2T , where < A2 < 1. Moreover, there is an asymptotic isotropic 2-planc 
F2: deviations from F2 are bounded. More generally, in genus g > 1, there exists an asymptotic 
Lagrangian flag, that is, a sequence of nested isotropic spaces Fi, 1 < i < g of dimension i and 
numbers 1 > A2 > ■ • • > A g > such that [7J] oscillates around Ft with amplitude roughly e Ai+lT , 
1 < z < g — 1 and the deviation from F g is bounded: 

(1.1) limsup — lndist([7j], Fj) = Aj+i for every 1 < i < q — 1 

(1.2) supdist([7j],ig <oo. 
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Moreover, the deviation spectrum A2 > • • • > X g is universal: it depends only on the connected 
component of the stratum to which (M, oj) belongs. 

The picture we just described is called the Zorich phenomenon, and was discovered empirically 
by Zorich [Zol]. It was shown by Kontsevich and Zorich [Zol, Zo2, KZ] that this picture would 
follow from a statement about the Lyapunov exponents of the Kontsevich-Zorich cocycle, that we 
now discuss. 

1.2. The Kontsevich-Zorich cocycle. The Kontsevich-Zorich cocycle can be described roughly 
as follows. It is better to work on (the cotangent bundle of) the Teichmiiller space, that is, to 
consider translation structures on a surface up to isometry isotopic to the identity. The moduli 
space is obtained by taking the quotient by the modular group. Let (Mt,ujt) be obtained from 
(M, to) by applying the Teichmiiller flow for time T, that is, we change the flat metric by contracting 
(by e~ T ) the vertical direction, and expanding (by e T ) the orthogonal horizontal direction. The 
Ricmann surface Mj now looks very distorted but it can be brought back to a fundamental domain 
in the Teichmiiller space by applying an element <I>t(M, uj) of the mapping class group. The action 
of $t on the cohomology H 1 (M) is, essentially, the Kontsevich-Zorich cocycle. 

The Kontsevich-Zorich cocycle is, thus, a linear cocycle over the Teichmiiller flow. It was shown 
by Masur [Ma] and Veech [Vel] that the Teichmiiller flow restricted to each connected component of 
strata is ergodic, provided we normalize the area. The cocycle is measurable (integrable), and so it 
has Lyapunov exponents Ai > • • • > A 2g . The statement about the cocycle that implies the Zorich 
phenomenon is that the cocycle has simple Lyapunov spectrum, that is, its Lyapunov exponents are 
all distinct: 

(1-3) Ai > A 2 > ••• > \ 2g -i > A 29 

(see [Zo4], Theorem 2 and Conditional Theorem 4). The Aj, 1 < i < g are the same that appear 
in the description of the Zorich phenomenon, and the asymptotic flag is related to the Oseledets 
decomposition. One has Ai = — A 2g -i+i for all i, because the cocycle is symplectic. It is easy to see 
that Ai = 1 = — A 2s . The Ai are also related to the Lyapunov exponents of the Teichmiiller flow on 
the corresponding connected component of strata: the latter are, exactly, 

(1.4) 2>1 + A 2 >--->1 + A 3 >1 = -- - = 1>1 + A 9+ i > • • • > 1 + A 23 _! > 

together with their symmetric values. Zero is a simple exponent, corresponding to the flow direction. 
There are a — 1 exponents equal to 1 (and to —1) arising from the action on relative cycles joining 
the a singularities. It is clear that (1.3) is equivalent to saying that all the inequalities in (1.4) are 
strict. 

It follows from the work of Veech [Ve2] that A 2 < 1, and so the first and the last inequalities in 
(1.4) are strict. Thus, the Teichmiiller flow is non-uniformly hyperbolic. Together with Kontsevich 
[Ko], Zorich conjectured that the Ai are, indeed, all distinct. They also established formulas for the 
sums of Lyapunov exponents, but it has not been possible to use them for proving this conjecture. 
The fundamental work of Forni [Fo] established that X g > \ g +i, which is the same as saying that 
no exponent vanishes. This means that does not belong to the Lyapunov spectrum, that is, the 
Kontsevich-Zorich cocycle is non-uniformly hyperbolic. Besides giving substantial information on 
the general case, this result settles the conjecture in the particular case g = 2, and has also been 
used to obtain other dynamical properties of translation flows [AF] . 

1.3. Main result. Previously to the introduction of the Kontsevich-Zorich cocycle, Zorich had 
already identified and studied a discrete time version, called the Zorich cocycle. Its precise defi- 
nition will be recalled in section 3. While the base dynamics of the Kontsevich-Zorich cocycle is 
the Teichmiiller flow on the space of translation surfaces, the basis of the Zorich cocycle is a renor- 
malization dynamics in the space of interval exchange transformations. The link between interval 
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exchange transformations and translation flows is well known: the first return map to a horizontal 
cross-section to the vertical flow is an interval exchange transformation, and the translation flow 
can be reconstructed as a special suspension over this one-dimensional transformation. Typical 
translation surfaces in the same connected component of strata are special suspensions over interval 
exchange transformations whose combinatorics belong to the same Rauzy class. The Zorich cocycle 
is a measurable (integrable) linear cocycle (over the renormalization dynamics) acting on a vector 
space H that can be naturally identified with H\{M). So, it has Lyapunov exponents 6\ > ■ ■ ■ > dig- 
The 9i are linked to the Xi by 

Xi = for all 1 < i < 2g, 

so that properties of the 9i can be deduced from those of the Xi, and conversely. The Zorich 
Conjecture (see [Zo3], Conjecture 1 or [Zo4], Conjecture 2) states that the Lyapunov spectrum of 
the Zorich cocycle is simple, that is, all the 9i are distinct. By the previous discussion, it implies 
the full picture of the Zorich phenomenon. Here we prove this conjecture: 

Theorem 1. The Zorich cocycle has simple Lyapunov spectrum on every Rauzy class. 

The most important progress in this direction so far, the work of Forni [Fo] , was via the Kontsevich- 
Zorich cocycle. Here we address the Zorich cocycle directly. Though many ideas can be formulated 
in terms of the Kontscvich-Zorich cocycle, our approach is mostly dynamical and does not involve the 
extra geometrical and complex analytic structures present in the Teichmuller flow (particularly the 
SL(2,R) action on the moduli space) that were crucial in [Fo]. Our arguments contain, in particular, 
a new proof of Form's main result. 

A somewhat more extended discussion of the Zorich-Kontsevich conjecture, including an an- 
nouncement of our present results, can be found in [AVI]. 

Remark 1.1. Besides the Zorich phenomenon, the Lyapunov exponents of the Zorich cocycle are 
also linked to the behavior of ergodic averages of interval exchange transformations (a first result in 
this direction is given in [Zo2]) and translation flows or area-preserving flows on surfaces [Fo]. Let 
us point out that it is now possible to treat the case of interval exchange transformations in a very 
elegant way, using the results of Marmi-Moussa-Yoccoz [MMY] . A result for translation flows can 
then be recovered by suspension, which also implies the result for area-preserving flows. 

1.4. A geometric motivation for the proof. Our proof of the Zorich conjecture has two distinct 
parts: 

(1) A general criterion for the simplicity of the Lyapunov spectrum of locally constant cocycles. 

(2) A combinatorial analysis of Rauzy diagrams to show that the criterion can be applied to the 
Zorich cocycle on any Rauzy class. 

The basic idea of the criterion is that it suffices to find orbits of the base dynamics over which the 
cocycle exhibits certain forms of behavior, that we call "twisting" and "pinching" . Roughly speaking, 
twisting means that certain families of subspaces are put in general position, and pinching means 
that a large part of the Grassmannian (consisting of subspaces in general position) is concentrated 
in a small region, by the action of the cocycle. We will be a bit more precise in a while. We call the 
cocycle simple if it meets both requirements (notice that "simple" really means that the cocycle's 
behavior is quite rich). Then, according to our criterion, the Lyapunov spectrum is simple. 

It should be noted that the orbits on which these types of behavior are observed are very particular 
and, a priori, correspond to zero measure subsets of the orbits. Nevertheless, they are able to 
"persuade" almost every orbit to have a simple Lyapunov spectrum. For this, one assumes that the 
base dynamics is rather chaotic (which is the case for the Teichmiillcr flow). In a purely random 
situation, this persuasion mechanism has been understood for quite some time, through the works of 
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Furstenberg [Fu], Guivarc'h and Raugi [GR], and Gol'dshcid and Margulis [GM]. That this happens 
also in chaotic, but not random, situations was unveiled by the works of Ledrappier [Le] and Bonatti, 
Gomez-Mont, Viana [BGV, BV, Vi]. The particular situation needed for our arguments is, however, 
not covered in those works, and was dealt with in our twin paper [AV2]. 

The present paper is devoted to part (2) of the proof. However, to make the paper self-contained, 
in Appendix 2 we also prove an instance of the criterion (1) that covers the present situation. 

The basic idea to prove that the Zorich cocycle is "rich" , in the sense described above, is to use 
induction on the complexity. The geometric motivation is more transparent when one thinks in 
terms of the Kontsevich-Zorich cocycle. As explained, we want to find orbits of the Teichmuller flow 
inside any connected component of a stratum C with some given behavior. To this end, we look at 
orbits that spend a long time near the boundary of C. While there, these orbits pick up the behavior 
of the boundary dynamics of the Teichmuller flow, which contains the dynamics of the Teichmuller 
flow restricted to connected components of strata C with simpler combinatorics (corresponding to 
certain ways to degenerate C). 

This is easy to make sense of when the stratum C is not closed in the moduli space, since the whole 
Teichmuller flow provides a broader ambient dynamics where everything takes place, ft is less clear 
how to formalize the idea when C is closed (this is the case when there is only one singularity). In 
this case, the boundary dynamics corresponds to the Teichmuller flow acting on surfaces of smaller 
genuses, and here we will not attempt to describe geometrically what happens. Let us point out 
that Kontsevich-Zorich [KZ] considered the inverse of such a degeneration process, that they called 
"bubbling a handle". It is worth noting that, though they used many different techniques, and as 
much geometric reasoning as possible, this was one of the few steps that needed to be done using 
combinatorics of interval exchange transformations (encoded in Rauzy diagrams). 

On the other hand, our degeneration process is very simple when viewed in terms of interval 
exchange transformations: we just make one interval very small. This small interval remains un- 
touched by the renormalization process for a very long time, while the other intervals are acted 
upon by a degenerate renormalization process. This is what allows us to put in place an inductive 
argument. To really control the effect, we must choose our small interval very carefully. It is also 
sometimes useful to choose particular permutations in the Rauzy class we are analyzing. A partic- 
ularly sophisticated choice is needed when we must change the genus of the underlying translation 
surface: at this point we use Lemma 20 of Kontsevich-Zorich [KZ], which allowed them to obtain 
the inverse process of "bubbling a handle" . 

Let us say a few more words on how the Zorich cocycle will be shown to be simple. The fact 
that the cocycle is symplectic is important for the arguments. By induction, we show that it acts 
minimally on the space of Lagrangian flags. This is used to derive that the cocycle is "twisting" : 
certain orbits can be used to put families of subspaccs in general position. In the induction, there 
must be some gain of information at each step, when we must change genus: in this case, this gain 
regards the action of the cocycle on lines, and it comes from the rather easy fact that this action is 
minimal. 

Also by induction, we show that certain orbits of the cocycle are "pinching": they take a large 
amount of the Grassmannian and concentrate it into a small region. Here the gain of information 
when we must change genus has to come from the action on Lagrangian spaces, and it is far from 
obvious. One can use Forni's theorem [Fo] and, indeed, we did so in a previous version of the 
arguments. However, the proof we will give is independent of his result, so that our work gives a 
new proof of Forni's main theorem. Indeed, in the (combinatorial) argument that we will give, the 
pinching of Lagrangian subspaces comes from orbits that have a pair of zero Lyapunov exponents, 
but present some parabolic behavior in the central subspace. 
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1.5. Outline of the paper. Section 2 gives general background on linear and symplectic actions of 
monoids. Section 3 collects well-known material on interval exchange transformations. We introduce 
the Zorich cocycle and discuss the combinatorics of the Rauzy diagram. The presentation follows 
[MMY] closely. The matrices appearing in the Zorich cocycle can be studied in terms of the natural 
symplectic action of a combinatorial object that we call the Rauzy monoid. We give properties of 
the projective action of the Rauzy monoids, and discuss some special elements in Rauzy classes. 
In section 4, we introduce the twisting and pinching properties of symplectic actions of monoids, 
and use them to define the notion of simplicity for monoid actions, which is our basic sufficient 
condition for simplicity of the Lyapunov spectrum. In sections 5 and 6 we prove the twisting and 
pinching properties, and thus simplicity, for the action of the Rauzy monoid. The proof involves a 
combinatorial analysis of relations between different Rauzy classes, as explained before. In section 7, 
we state the basic sufficient criterion for simplicity of the Lyapunov spectrum (Theorem 2) and show 
that it is satisfied by the Zorich cocycle on any Rauzy class. Theorem 1 follows. For completeness, 
in Appendix 2 we give a proof of that sufficient criterion. 

Acknowledgments: We would like to thank Jean-Christophe Yoccoz for several inspiring dis- 
cussions, through which he explained to us his view of the combinatorics of interval exchange trans- 
formations. We also thank him, Alexander Arbieto, Giovanni Forni, Carlos Matheus, and Weixiao 
Shen for listening to many sketchy ideas while this work developed, and Evgeny Verbitsky for a 
discussion relevant to Section 7. 

2. General background 

2.1. Grassmannian structures. Throughout this paper, all vector spaces are finite dimensional 
vector spaces over K. The notation FH always represents the projective space, that is, the space 
of lines (1-dimensional subspaces) of a vector space H. More generally, Grass(fc, H) will represent 
the Grassmannian of &:-planes, 1 < k < dimH — 1 in the space H. For < k < dimiJ, we denote 
by A h (H) the fc-th exterior product of H. If F G Grass(fc,77) is spanned by linearly independent 
vectors v\,. . . ,Vk then the exterior product of the Vi is defined up to multiplication by a scalar. This 
defines an embedding Grass(/c, H) — ► PA fc (_ff). 

A geometric line in A h H is a line that is contained in Grass(fc,iJ). The duality between A k H 
and A dlmff_fe _ff allows one to define a geometric hyperplane of A k H as the dual to a geometric line 
of y\ dlmff-fc iJ . A hyperplane section is the intersection with Grass(/c, H) of the projectivization of a 
geometric hyperplane in A k H . In other words, it is the set of all F G Grass(/c, H) having non-trivial 
intersection with a given E G Grass(dim H — k, H). Thus, hyperplane sections are closed subsets of 
Grass(fc, H) with empty interior. In particular, Grass(fc, H) can not be written as a finite, or even 
countable, union of hyperplane sections. 

We will call linear arrangement in A k H any finite union of finite intersections of geometric hy- 
perplanes. The intersection of the projectivization of a linear arrangement with Grass(fc, H) will be 
called a linear arrangement in Grass(fc, H). It will be called non-trivial if it is neither empty nor the 
whole Grass(fc,i7). 

The flag space F(H) is the set of all (i^)^™'^ -1 where Fi is a subspace of H of dimension i and 
Fi C Fi + i for all i. It is useful to see F(H) as a fiber bundle ^F(H) — > FH, through the projection 
{Fi)'l™ H ~ 1 i — ► F\. The fiber over A G FH is naturally isomorphic to !F(H/X), via the isomorphism 

(2.1) (^)S H - 1 -(^ + iA)S H - 2 . 

We are going to state a few simple facts about the family of finite non-empty unions of linear 
subspaces of any given vector space, and deduce corresponding statements for the family of linear 
arrangements. The proofs are elementary, and we leave them for the reader. 
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Lemma 2.1. Any finite union W of linear subspaces of some vector space admits a canonical 
expression W = UvexV which is minimal in the following sense: ifW = UveyV is another way to 
express W as a union of linear subspaces then X C y. 

It is clear that the family of finite unions of linear subspaces is closed under finite unions and 
finite intersections. The next statement implies that it is even closed under arbitrary intersections. 

Lemma 2.2. // {V a : a G A} is an arbitrary family of finite unions of linear subspaces of some 
vector space, then C\ a eAV a coincides with the intersection of the V a over a finite subfamily. 

Corollary 2.3. Any totally ordered (under inclusion) family {V a :a£i} of finite unions of linear 
subspaces of some vector space is well ordered. 

Corollary 2.4. If V is a finite union of linear subspaces of some vector space and x is an isomor- 
phism of the vector space such that x ■ V C V then x ■ V = V . 

Intersections of geometric hyperplanes are (special) linear subspaces of A k H, and linear ar- 
rangements in A k H are finite unions of those linear subspaces. So, the previous results apply, 
in particular, to the family of linear arrangements in the exterior product. Let us call a linear 
arrangement S in A k H economical if it is contained in any other linear arrangement S' such that 
PS (~l Grass(/c, H) = PS" n Grass(fc, H). There is a natural bijection between economical linear ar- 
rangements of the exterior product and linear arrangements of the Grassmannian that preserves the 
inclusion order. Hence, the previous results translate immediately to linear arrangements in the 
Grassmannian. We summarize this in the next corollary: 

Corollary 2.5. Both in A k H and in Grass(/c, H), 

(1) The set of all linear arrangements is closed under finite unions and arbitrary intersections. 

(2) Any totally ordered (under inclusion) set of linear arrangements is well ordered. 

(3) If S is a linear arrangement and x is a linear isomorphism such that x-S C S then x-S = S. 

2.2. Symplectic spaces. A symplectic form on a vector space H is a bilinear form which is alter- 
nate, that is, lo(u,v) = —u>(v,u) for all u and v, and non-degenerate, that is, for every u G H \ {0} 
there exists v G H such that u)(u, v) ^ 0. We call (H,u>) a symplectic space. Notice that dim if is 
necessarily an even number 2g. A symplectic isomorphism A : (H,u>) — > (H^lu 1 ) is an isomorphism 
satisfying uj(u, v) = u>'(A ■ u, A ■ v). By Darboux's theorem, all symplectic spaces with the same 
dimension are symplectically isomorphic. 

Given a subspace F C H , the symplectic orthogonal of F is the set Hp of all v G H such that 
for every u € F we have u)(u, v) = 0. Its dimension is complementary to the dimension of F, 
that is, dim Hp = 2g — dimF. Notice that if two subspaces of H intersect non-trivially and have 
complementary dimension then their symplectic orthogonals also intersect non-trivially. 

A subspace F C H is called isotropic if for every u,v € F we have uj(u, v) = or, in other words, 
if F is contained in its symplectic orthogonal. This implies that dim F < g. A Lagrangian subspace 
is an isotropic space of maximal possible dimension g. We represent by Iso(/c, H) C Grass(fc, H) 
the space of isotropic fc-planes, for 1 < k < g. This is a closed, hence compact subset of the 
Grassmannian. Notice that Iso(l, H) = Grass(l, H) = PH. Given F G Iso(fc, H), we call symplectic 
reduction of H by F the quotient space H F = Hp/F. Notice that H F admits a canonical symplectic 
form oj f defined by w F ([u], [v]) = lu(u,v). 

Let C(H) be the space of Lagrangian flags, that is, the set of (fi)f =1 where Fj is an isotropic 
subspace of H of dimension i and F, C Fi+i for all i. There exists a canonical embedding C(H) — > 
T{H) given by (F)f =1 i— > (Fi)^ where is the symplectic orthogonal of F^g-i. One can see 
C{H) as a fiber bundle over each Iso(fc, Ft), through the projection 
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(2.2) T fe : C(H) -> Iso(fc, H), (F t )f =1 ^ F k . 
We will use mostly the particular case k = 1, 

(2.3) T = Ti : C(H) — > PiJ, (Fj)? =1 h- i^. 

The fiber over a given A G Pi? is naturally isomorphic to C(H ), via the isomorphism 
(2-4) T-^A) (fi)? =1 ~ (Fi+i/Ajf:, 1 . 

Lemma 2.6. Lef 1 < fc < g. .Any hyperplane section in Grass(fc, H) intersects Iso(fc, H) in a 
non-empty compact subset with empty interior. 

Proof. Let S be a geometric hyperplane dual to some E G Grass(2g — k,H). It is easy to see that 
S meets lso{k,H): just pick any A G PH contained in E and consider any element F of Iso(fc, ii) 
containing A. By construction, F is in S fl Iso(/c, H). Clearly, the intersection is closed in lso(k,H), 
and so it is compact. We are left to show that the complement of S fl Iso(fc, H) is dense. If k = 1 
the result is clear; in particular, this takes care of the case .9 = 1. Next, assuming the result is true 
for (k — l,g — 1) we deduce it is also true for (k,g). Indeed, for a dense subset D of lines A G Pi?, 
we have that A (jt E and E <jt H\. Consequently, E\ = (EnH\)/X is a subspace of H x of dimension 
29 — k — 1. By the induction hypothesis, a dense subset T>\ of Iso(fc — 1, H x ) is not in the hyperplane 
section S\ dual to E\. Then, in view of (2.2), the set C x = Tl\(V x ) of La grangian flags whose 
(k — l)-dimcnsional subspace is contained in T>\ is dense in C(H X ). By (2.4), we may think of C\ 
as a subset of C(H) contained in the fiber over A. So, taking the union of the C\ over all A G D 
we obtain a dense subset C of C(H). Using (2.2) once more, we conclude that Tfc(£) is a dense 
subset of Iso(fc, H). It suffices to prove that no element of this set belongs to S. Let F G Tfc(£). By 
definition, there exists A C F with A G: E and (F/X) H (E fl H\)/X = {{)}. Since F is contained in 
H\, as it is isotropic, this implies that FCiE — {0}, which is precisely what we wanted to prove. □ 

2.3. Linear actions of monoids. A monoid B is a set endowed with a binary operation that is 
associative and admits a neutral element (the same axioms as in the definition of group, except for 
the existence of inverse) . The monoids that interest us most in this context correspond to spaces of 
loops through a given vertex in a Rauzy diagram, relative to the concatenation operation. A linear 
action of a monoid is an action by isomorphisms of a finite dimension vector space H. It induces 
actions on the projective space PH, the Grassmannian spaces Grass(/c, H), and the flag space F(H). 
Given a subspace F C H, we denote by Bp the stabilizer of F, that is, the subset of x G B such 
that x ■ F — F. 

A symplectic action of a monoid is an action by symplectic isomorphisms on a symplcctic space 
(H,u>). It induces actions on Iso(fc, H) and the space of Lagrangian flags C(H). These actions are 
compatible with the fiber bundles (2.2), in the sense that they are conjugated to each other by TV 
Given A G PH, the stabilizer B\ G B of A acts symplectically on H x . 

Let B be a monoid acting by homeomorphisms of a compact space X. By minimal set for the 
action of B we mean a non-empty closed set C G X which is invariant, that is x ■ C = C for all 
x G B, and which has no proper subset with those properties 1 . We say that the action is minimal 
if the whole space is the only minimal set. Detecting minimality of actions of a monoid in fiber 
bundles can be reduced to detecting minimality for the action in the basis and in the fiber. We will 
need the following particular case of this idea. 



If B is actually a group, a minimal set can be cquivalcntly defined as a non-empty closed set C C X such that 
B ■ x is dense in C for every x S C. 
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Lemma 2.7. Let B be a monoid acting symplectically on (H,to). Assume that the action of B on 
FH is minimal and that there exists A £ FH such that the stabilizer B\ C B of A acts minimally on 
C{H X ). Then B acts minimally on C(H). 

Proof. Let C be a closed invariant subset of C(H). For A' £ FH, let G\> be the intersection of C 
with the fiber over A'. Notice that C\ may be seen as a closed set invariant for the action of B\ on 
C(H X ). So, C\ is either empty or the whole fiber. In the first case, let A be the set of A' such that 
C\i is non-empty. Then A is a closed invariant set which is not the whole FH, and so it is empty. 
This means C itself is empty. In the second case, let A be the set of A' such that C\< coincides with 
the whole fiber. This time, A is a non-empty invariant set and so it is the whole Pi?. In other words, 
in this case C = C{H). □ 

2.4. Singular values, Lyapunov exponents. If we supply a vector space H with an inner prod- 
uct, we identify H with the dual H* , and we also introduce a metric on the Grassmannians: the 
distance between F, F' £ Grass(fe, H) is the maximum of the angle between lines A C F and A' C F'. 
We will often consider balls with respect to this metric. All balls will be assumed to have radius less 
than 7r/2. 

The inner product also allow us to speak of the singular values of a linear isomorphism x acting 
on H: those are the square roots of the eigenvalues (counted with multiplicity) of the positive 
self-adjoint operator x*x. We always order them 

(2.5) cri(x) > ••• >o- dimH (x) >0. 

A different inner product gives singular values differing from the Oi by bounded factors, where the 
bound is independent of x. 

The Lyapunov exponents of a linear isomorphism x acting on H are the logarithms of the absolute 
values of its eigenvalues, counted with multiplicity. We denote and order the Lyapunov exponents 
of x as 

(2.6) 1 (x)>--->6 dimH (x). 
Alternatively, they can be defined by 

(2.7) 9Ax) =\uD.-\no-Ax n ). 

n 

Given a linear isomorphism x such that a k {x) > a k+ i(x), we let E~£(x) and E k ~(x) be the 
orthogonal spaces of dimension k and dim if — k, respectively, such that E~£(x) is spanned by the 
eigenvectors of x*x with eigenvalue at least crfc(x) 2 and E k ~(x) is spanned by the eigenvectors of x*x 
with eigenvalue at most ak+i(x) 2 . For any h = h\ + h k £ E k (x) © E^(x), 

(2.8) \\x-h\\>a k (x)\\h+\\. 

This is useful for the following reason. If F £ Grass(fc, H) is transverse to E^{x) then 

(2.9) \\x-h\\>c(j k {x)\\h\\ for all h£F, 

where c > does not depend on x but only on the distance between F and the hypcrplane section 
dual to E' k (x) in Grass(fc, H). 

We collect here several elementary facts from linear algebra that will be useful in the sequel. 
Related ideas appear in Section 7.2 of [AV2]. 

Lemma 2.8. Let x n be a sequence of linear isomorphisms of H such that ln<7fc(a;„) — lna-fc + i(a;„) — > 
oo ; and such that x n ■ E~£(x n ) — > E% and E^{x n ) — > Ef. as n — > oo. If K is a compact subset of 
Grass(fc, H) which does not intersect the hypcrplane dual to Ef. then x n ■ K — > E k as n — > oo. 
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Proof. Considering a subsequence if necessary, let F n G K be such that x„ ■ F n converges to some 
F' ^ El. Take h n G F n with ||/i„|| = 1 such that 



1 1 $n ' h"n || 



h £ El. 



By (2.9), there exists c\ > depending only on the distance from K to the hyperplane dual to Ef, 
such that 

(2.10) \\x n ■ h n \\ > cia k {x n ). 

Moreover, since x n ■ E^(x n ) — E^ imH _ k (x~ 1 ), there exists c 2 > depending only on the distance 
from h to E% such that for n large 

(2.11) 1 = \\h n \\ = \\Xn lx n ■ h n \\ > C 2 (7dim H-k {x~ 1 ) | \x n ■ h n \\. 

Consequently, since crdimH-fcfc 1 ) = er fe+ i(x n )~\ 

(2.12) i> ClC2 ^pL 

for all n, and this contradicts the hypothesis. □ 

Lemma 2.9. Let x n be a sequence of linear isomorphisms of H and let 1 < r < diraH — 1 be such 
that In crfc(x n ) — In ak+i(x n ) — ► oo for all 1 < k < r . Assume that x n ■ E^(x n ) — > El, E~l (x n ) — > 
and i/iai x is a linear isomorphism of H such that (x ■ El) CiE^ — {0} for all 1 < k < r. Then there 
exists C > such that \9k(xx n ) — ln<7fc(x„) < C for all 1 < k < r and n large. 

Proof. Let Uk be an open ball around x ■ El such that F H Ef. = {0} for every F e Uk- By the 
previous lemma, for n large we have xx n ■ Uk C Uk- In particular, there exists El n G Uk such that 
xx n -El n = El n ^d 

(2.13) ll^-ZiH >ciCT fc (a: n )||/»|| for all h G ££ n , 
where ci depends only on a; and the distance from £/& to £7|. Consequently, 

(2.14) e fl*(**n) > Cl(Tfe ( Xn ) foralll<fc<r. 
Clearly, we also have 

(2.15) [] e 9 -^ < [] ^(^«)<c 2 - 1 [] <7 fc (z n ) foralll<j<r, 

l<fe<j l<fe<j l<k<j 

where c 2 = c 2 (x). Using (2.14), we conclude that 

(2.16) e «i(**») < c-'a^Xn) for all 1 < j < r, 

with c = min{ci, c 2 }, and the result follows. □ 

Lemma 2.10. Let x n be a sequence of linear isomorphisms of H. Suppose there is F e Grass(fc, H) 
such that the set {F' 6 Grass(fc, H), x n ■ F' — ► F} is not contained in a hyperplane section. Then 
we have ln<7fc(a;„) — lncrfe + i(a; n ) — ► oo and F = limx„ • E k (x n ). 

Proof. Assume that In ak{x n ) — lncr / r i . +1 (x„) is bounded (along some subsequence). Passing to a 
subsequence, and replacing x n by y n x n Zn, with y n , y" 1 , z n , z~ x bounded, we may assume that there 
exists I < k < r such that o-j(x n ) — (Tk(x n ) if I < j < r and | \no-j(x n ) — \ncrk(x n )\ — > oo otherwise, 
and there exists an orthonormal basis {ei}f™ H , independent of n, such that x n ■ Ci = ai(x n )ei for 
every i and n. Let E u , E c , and E s be the spans of {ei}'~}, {ei}[ =i , and {eijf^+i respectively. 
Notice that, for any F' G Grass(fc, H) 

(1) (E c © E s ) + F' = H if and only if any limit of x n ■ F' contains E u , 
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(2) F' n E s = {0} if and only if any limit of x n ■ F' is contained in E u © E c , 

(3) If both (1) and (2) hold then x n ■ F' -> F where F = E u © F c and F c C E c is such that 
F C ®E S = F' n (E c ® E s ). 

Thus, if a;„ • F' — » .F then F' is contained in the hyperplane section dual to G G Grass(dim H — k,H) 
chosen as follows. If E u (jL F then G can be any subspace contained in E c © E s . If F E u @ E c then 
G can be any subspace containing E 8 . If E u C F C -E c © then G can be any subspace containing 
E s and such that Gf]Fn(E c ®E s ) ^ {0}. This shows that if {F 1 G Grass(/c, iTj, x n -F' —> F} is not 
contained in a hyperplane section then the difference ln<Tk{x n ) — h\Gk + i{x n ) — > oo. To conclude, we 
may assume that E^(x n ) converges to some Ef. By Lemma 2.8, if {F' G Grass(fc, H), x n ■ F' — > F} 
is not contained in the hyperplane section dual to Ef, then F = limx„ • F + (x„). □ 

Lemma 2.11. Let x n be a sequence of linear isomorphisms of H, p be a probability measure on 
Grass(fe, H), and p^ be the push-forwards of p under x n . 

(1) Assume that p gives zero weight to any hyperplane section. If ln<Jk(x n ) — \n.Ok+i{x n ) — > oo 
and x n ■ E^(x n ) — > iften p*-"^ converges in the weak* topology to a Dirac mass on E%. 

(2) Assume that p is not supported in a hyperplane section. If p( n ) converges in the weak* 
topology to a Dirac mass on E% then lnak(x n ) — \nak+i(x n ) — > oo and x n ■ E^(x n ) — ► E%. 

Proof. Let us first prove (1). We may assume that E^(x n ) also converges to some Ef.. Take a 
compact set K disjoint from the hyperplane section dual to Ef and such that p(K) > 1 — e. Then 
p( n \x n ■ K) > 1 — e and x„ • if is close to E% for all large n, by Lemma 2.8. This shows that p^ 
converges to the Dirac measure on E%. Now let us prove (2). The hypothesis implies that, passing 
to a subsequence of an arbitrary subsequence, x n ■ F — > E^ for a full measure set, and this set is not 
contained in a hyperplane section. Using Lemma 2.10, we conclude that In Uk(x n )—hiak+i{x n ) — > oo 



Lemma 2.12. Let F u e Grass(fc,i?) and F s <E Grass(dim_ff — k,H) be orthogonal subspaces. 
Assume that x is a linear isomorphism of H such that x ■ F u = F u and x ■ F s — F s and there 



Proof. Up to composition with orthogonal operators preserving F u and F s , we may assume that x 
is diagonal with respect to some orthonormal basis e\, . . . , e^imHi and that F u and F s arc spanned 
by elements of the basis. We may order the elements of the basis so that x ■ ej = ai(x)ei. Let F u be 
spanned by {e^}^ =1 . If cri(x) < a r {x) for some I G {ij}j=i, r ^ {ij}j=n ^ Fe be spanned by the 
e 8 which are either of the form with ij ^ I or of the form cos27r#e/ + sin27r#e r . If ai(x) = a r (x) 
then x ■ Fe — Fg for every 8 and if ai(x) < cr r (x) then x n ■ Fg — > ^ f° r every such that 
Fg ^ Fq. In both cases, this gives a contradiction (by considering some Fg G dll). □ 

If (H,ui) is a symplectic space (with dim ii = 2g), the choice of an inner product defines an 
antisymmetric linear isomorphism Vt on H satisfying 



One can always choose the inner product so that Q is also orthogonal (we call such an inner product 
adapted to u). If a linear isomorphism x is symplectic, we have, for this particular choice of inner 
product, 



and x n ■ E~£(x n ) -> E%. 



□ 




(x) = F u and 



(2.17) 



u)(Q ■ u,n ■ v) = {u,n ■ v). 



(2.18) 



o-i{x)a 2 g-i + i(x) = 1 for all i = 1, . .. 



,9 



and hence 



(2.19) 



9i(x) = -6 2g -i+i(x) for alH = 1, . . . ,g. 
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Lemma 2.13. Let x n be a sequence of symplectic isomorphisms of H such that o~k{x n ) — > oo and 
o~k{x n ) > o-k+i{x n ) and such that x n ■ E^(x n ) converges to some space E%. Then E% is isotropic. 

Proof. By (2.8) , if h n G x n -E+(x n ) then \\x~ x -h n \\ < cr fe (a;„)- 1 \\h n \\. Thus, if Et{Xn) 
are such that ||u n || = ||u„|| = 1, then 

(2.20) \ui(u n ,v n )\ = \uix~ 1 ■ u^x' 1 ■ v n )\ < c- 1 a k (x n y 2 . 

Passing to the limit as n — > oo, we get u)(u, v) = for every u, v G E^. □ 

3. Rauzy classes and the Zorich cocycle 

3.1. Interval exchange transformations. We follow the presentation of [MMYj. An interval 
exchange transformation is defined as follows. Let A be some fixed alphabet on d > 2 symbols. All 
intervals will be assumed to be closed on the left and open on the right. 

• Take an interval I C M. and break it into subintervals {I x }xeA- 

• Rearrange the intervals in a new order, via translations, inside /. 

Modulo translations, we may always assume that the left endpoint of I is 0. Thus the interval 
exchange transformation is entirely defined by the following data: 

(1) The lengths of the intervals {I x } xe A, 

(2) Their orders before and after rearranging. 

The first is called length data, and is given by a vector A G Rr£. The second is called combinatorial 
data, and is given by a pair of bijections tt = (tt , 7Ti) from A to {1, . . . , d} (we will sometimes call 
such a pair of bijections a permutation). We denote the set of all such pairs of bijections by 6(A). 
We view a bijection A — > {1, . . . , d} as a row where the elements of A are displayed in the right 
order. Thus we can see an element of &(A) as a pair of rows, the top (corresponding to ttq) and the 
bottom (corresponding to 7Ti) of ir. The interval exchange transformation associated to this data 
will be denoted / = /(A, n). 

Notice that if the combinatorial data is such that the set of the first k elements in the top and 
bottom of tt coincide for some 1 < k < d then, irrespective of the length data, the interval exchange 
transformation splits into two simpler transformations. Thus we will consider only combinatorial 
data for which this does not happen, which we will call irreducible. Let 6° (A) C &(A) be the set 
of irreducible combinatorial data. 

3.2. Translation vector. The positions of the intervals I x before and after applying the interval 
exchange transformation differ by translations by 

(3.1) 5 X = ]T A,- ]T X v . 

7ri(j/)<7Tl(x) TT (y)<TT {x) 

We let 5 = S(X, ir) G K." 4 be the translation vector, whose coordinates are given by the 5 X . Notice 
that the "average translation" (A, S) = J2 x e A ^ x ^ x * s zer0 - We can write the relation between 5 and 
(A, 7r) as 

(3.2) <5(A, 7r) = Q(tt) ■ A, 
where Q(tv) is a linear operator on M. A given by 

1, ir (x) > 7r (y),7Ti(x) < 7Ti(y), 



(3.3) (n(ir)-e x ,e y ) 



-1, 7T (x) < n Q (y),m(x) > 7n(y), 
0, otherwise. 
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(here e x is the canonical basis of M -4 and the inner product ( , } is the natural one which makes 
this canonical basis orthonormal) . Notice that Q,{tt) can be viewed as an antisymmetric matrix with 
integer entries. Notice also that f2(7r) may not be invertible. 

We denote H(ir) = Sl(7r) • M. A , which is the space spanned by all possible translation vectors 
<5(A, 7r). We define a symplectic form u = uu^ on H(ir) by putting 

(3.4) uj w (n(Tr) ■ u, Q.{tt) ■ v) = (u, S1(tt) • v). 

We let 2g(n) be the dimension of H(ir), where g(n) is called the genus. 

3.3. Rauzy diagrams and monoids. A diagram (or directed graph) consists of two kinds of 
objects, vertices and (oriented) arrows joining two vertices. Thus, an arrow has a start and an end. 
A path in the diagram of length m > is a sequence Vo, . . . , v m of vertices and a sequence of arrows 
ai, . . . , a m such that a, starts at Vi-i and ends in V{. If 71 and 72 are paths such that the end of 71 
is the start of 72, their concatenation is also a path, denoted by 7172- The set of all paths starting 
and ending at a given vertex v is a monoid for the operation of concatenation. We can identify paths 
of length zero with vertices and paths of length one with arrows. 

Given tt £ &°(A) we consider two operations. Let x and y be the last elements of the top and 
bottom rows. The top operation keeps the top row; on the other hand, it takes y and inserts it 
back in the bottom immediately to the right of the position occupied by x. When applying this 
operation to tt, we will say that x wins and y loses. The bottom operation is defined in a dual way, 
just interchanging the words top and bottom, and the roles of x and y. In this case we say that y 
wins and x loses. Notice that both operations preserve the first elements of both the top and the 
bottom row. 

It is easy to see that those operations give bijections of ©° (A). The Rauzy diagram associated 
to A has the elements of &°(A) as its vertices, and its arrows join each vertex to the ones obtained 
from it through either of the operations we just described. So, every vertex is the start and end of 
two arrows, one top and one bottom. Thus, every arrow has a start, an end, a type (top/bottom), 
a winner and a loser. The set of all paths is denoted by II (.4). 

The orbit of tt under the monoid generated by the actions of the top and bottom operations on 
S°(.4) will be called the Rauzy class of tt, and denoted 9\(ir). The set of all paths inside a given 
Rauzy class will be denoted 11(91). The set of all paths that begin and end at tt £ 6° (-4) will be 
denoted II(7r). We call II(7r) a Rauzy monoid. 

3.4. Rauzy induction. Let 91 C &°(A) be a Rauzy class, and define = R A x 91. Given (A, tt) 
in A^, we say that we can apply Rauzy induction to (A, tt) if X x ^ X y , where x,y £ A are the last 
elements of the top and bottom rows of tt, respectively. Then we define (A', tt') as follows: 

(1) Let 7 = 7(A, tt) be a top or bottom arrow on the Rauzy diagram starting at tt, according to 
whether X x > \ y or X y > \ x . 

(2) Let X' z = X z if z is not the winner of 7, and X z = maxjA^, A y } — min{A x , X y } if z is the 
winner of 7, 

(3) Let tt' be the end of 7. 

We say that (A',7r') is obtained from (A, tt) by applying Rauzy induction, of type top or bottom 
depending on whether the type of 7 is top or bottom. We have that tt' £ 6° (A) and A' £ The 
interval exchange transformations /:/—>/ and /':/'—> /' specified by the data (A, tt) and (A', tt') 
are related as follows. The map /' is the first return map of / to a subintcrval of /, obtained by 
cutting from / a subinterval with the same right endpoint and of length X z , where z is the loser of 
7. The map Qr : (X,tt) — > (A',7r') is called Rauzy induction map. Its domain of the definition, the 
set of all (A, tt) £ A^ such that X x ^ X y , will be denoted by A^. 
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3.5. Relation between translation vectors. Let us calculate the relation between the translation 
vectors 5 — 6(X, tt) and 6' = 6(X', tt'). Let 7 be the arrow that starts at tt and ends at tt' . We have 
S' z = S z if z is not the loser of 7 and S' z = S' x + S' y if z is the loser of 7 (we continue to denote by x, y 
the last symbols in the top and bottom rows of tt, respectively). In other words, we can write 

(3.5) 6(\',tt') = Q( 7 )-S(\,tt), 

where 0( 7 ) is the linear operator of R -4 defined by 0( 7 ) • e z = e x + e y if z is the winner of 7, and 
0(7) • e z = e z otherwise. Notice that we also have 

(3.6) A = 6(7)* -A', 

where the adjoint 6(7)* is taken with respect to the natural inner product on R A that renders the 
canonical basis orthonormal. Consequently, if h G 9. A and h! — 8(7) • h then (A, h) = (A', h'). 

Since H{tt) and H(ir') are spanned by possible translation vectors, 6(7) • H(tt) = H(ir'), and so 
the dimension of H(ir) only depends on the Rauzy class of tt. One can check that 

(3.7) e( 7 )owe( 7 )* = $V), 

which implies that 6(7) : (H(tt),u) v ) — + (H(tt'), ov) is a symplectic isomorphism. Notice that 6(7) 
can be viewed as a matrix with non- negative integer entries and determinant 1. We extend the 
definition of 6 from arrows to paths in 11(^4) in the natural way, 6(7172) = 0(72)6(71). In this 
way 6 induces a representation on SL(A,Z) of the Rauzy monoids II(7r) C 11(^4), tt G &°(A). 

3.6. Rerates of Rauzy induction. The connected components of = M. A x 91 are naturally 
labelled by the elements of fH or, in other words, by length paths in 11(91) . The connected 
components of the domain of the induction map Qr are naturally labelled by arrows, that 
is, length 1 paths in 11(91). One easily checks that each connected component of A^ is mapped 
bijectively to some connected component of A^. Now let A^ be the domain of Q^, for each n > 2. 
The connected components of A^ are naturally labelled by length n paths in II (9i): if 7 is obtained 
by concatenation of arrows 71, . . . , 7 „, then A 7 = {x G A (A, n) : Q k I [ 1 {x) G A 7fc , 1 < k < n}. If 7 
is a length n path in 11(91) ending at tt G 9i, then 

(3.8) Ql = Q n R : A 7 - A„ 
is a bijection. 

The set A51 = n„>oAJ^ of (A, tt) to which we can apply Rauzy induction infinitely many times 2 
contains all (A,7r) such that the coordinates of A are rationally independent, and so it is a full 
Lebesgue measure subset of A^. Let (A,7r) G A^- The connected components of AJJJ, m > are 
a nested sequence of convex cones containing the half-line {(t\,Tr), t G R+}, and their intersection 
is the connected component of (A,7r) in A9;. In general, it is not true that this connected com- 
ponent reduces to the half-line {(£A,7r), t G M+} ("combinatorial rigidity"): this happens precisely 
when the interval exchange transformation defined by (A, tt) is uniquely ergodic, and one can find 
counterexamples as soon as the genus g = dim7J(7r)/2 is at least 2. 

3.7. Rauzy renormalization map. Since Qr commutes with dilations, it projectivizes to a map 
Rji : PA^ — > PA^, that we call Rauzy renormalization map. Let R R be the projectivization of Q Rl 
for each path 7. 

Theorem 3.1 (Masur [Ma], Veech [Vol]). The map Rr has an ergodic conservative absolutely 
continuous invariant infinite measure [1r. The density is analytic and positive in PA^. 



; There is a nice explicit characterization of this set, called the Keane property. Sec [MMY] for a statement. 
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Conservativeness means that if a measurable set contains its pre- image then the difference between 
the two has zero measure. It ensures that Poincare recurrence holds in this context, despite the fact 
that the measure is infinite. This theorem is the key step in the proof by Masur and Veech that 
almost every interval exchange transformation is uniquely ergodic. Indeed, they show that if x 
is recurrent under Rr, then the connected component of x in PA^ reduces to a point. The latter 
implies unique ergodicity of the interval exchange transformation given by the (A, n) that projectivize 
to x. 

3.8. The Zorich map. The Rauzy renormalization map does not admit an absolutely continuous 
invariant probability because it is too slow. For instance, in the case of two intervals, the Rauzy 
renormalization map is just the Farey map, which exhibits a parabolic fixed point. Zorich introduced 
a way to "accelerate" Rauzy induction, that produces a new renormalization map, which is more 
expanding, and always admits an absolutely continuous invariant probability. In the case of two 
intervals, the Zorich renormalization map is, essentially, the Gauss map. 

We say that we can apply Zorich induction to some (A, n) E A^ if there exists a smallest m > 1 
such that we can apply Rauzy induction m + 1 times to (A, 7r), and in doing so we use both kinds 
of operations, top and bottom. Then we define Qz(A,7r) = Q^ l (A,7r). The domain of this Zorich 
induction map is the union of A 7 over all paths 7 of length m + 1 > 2 which are obtained by 
concatenating m arrows of one type (top or bottom) followed by an arrow of the other type. If we 
can apply Rauzy induction infinitely many times to (A, tt) then we can also apply Zorich induction 
infinitely many times. The projectivization of the Zorich induction map Qz is called the Zorich 
renormalization map Rz or, simply, Zorich map. 

Theorem 3.2 (Zorich [Zo2]). The Zorich map Rz admits an ergodic absolutely continuous invariant 
probability measure. The density is analytic and positive in PA^. 

We call the measure given by this theorem the Zorich measure \iz- 

3.9. The Zorich cocycle. We define a linear cocycle (x,h) 1— ► (Rz(x),B z (x) ■ h) over the Zorich 
map x 1 — ► Rz(x), as follows. Let x belong to a connected component PA 7 of the domain of Rz, 
where 7 is a length m + 1 > 2 path, and let 7 be the length m path obtained by dropping the 
very last arrow in 7 (the one that has type distinct from all the others). Then B z (x) = 6(7). To 
specify the linear cocycle completely we also have to specify where h is allowed to vary. There are 
two natural possibilities: either H(tt) for x G PA T , or the whole R A . In the first case we speak of 
the Zorich cocycle, whereas in the second one we call this the extended Zorich cocycle. 

Theorem 3.3 (Zorich [Zo2]). The (extended) Zorich cocycle is measurable: 

(3.9) J \n\\B z {x)\\d^ z {x) < 00. 

The relation (3.7) gives that the Zorich cocycle is symplectic. Consequently, its Lyapunov expo- 
nents 61 > ■ ■ ■ > #2 g satisfy 9i = —0 2g -i+i for all i, where g = g{%K) is the genus. We say that the 
Lyapunov spectrum is symmetric. The Lyapunov spectrum of the extended Zorich cocycle consists 
of the Lyapunov spectrum of the Zorich cocycle together with additional zeros. 

3.10. Inverse limit. Given 7r = (710, 7Ti), let T n C K" 4 be the set of all r such that 

(3.10) T z>° and Tz < for a11 l<k<d-l. 

Notice that L^ is an open cone. If 7 is the top arrow ending at ir', let T 7 be the set of all r G IV 
such that XLe-4 T:E < ^> and if T is a bottom arrow ending at it', let L 7 be the set of all r 6 IV 
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such that J2xeA Tx > 0- ^ 7 * s an arrow starting at tt and ending at tt' then 

(3.11) e( 7 )*-r 7 = r w . 

Thus, the map 

: A 7 x IV ^ A w i x T 7 , Q^x, r) = (Q^(x), (G^ 1 )* • r) 

is invertible. Now we can define an invertible skew-product Qr over Qr by putting together the 
Q R for every arrow 7. This is a map from UA 7 x T v (where the union is taken over all 7r G and 
all arrows 7 starting at tt) to UA,» x T 7 (where the union is taken over all tt' G 91 and all arrows 
ending at tt'). 

Let = IV^A^ x IV, and let A<r C A^ be the set of all points that can be iterated 
infinitely many times forward and backwards by Qr. Note that ((A,7t),t) G A^ can be iterated 
infinitely many times forward/backwards by Qr provided that the coordinates of A/t are rationally 
independent. Projectivization in A and r gives a map Rr : PAsr — > PA^. This is an invertible map 
that can be seen as the inverse limit of Rr: the connected components of PA(fi reduce to points 
Lebesgue almost everywhere. There is a natural infinite ergodic conservative invariant measure £ir 
for Rr that is equivalent to Lebesgue measure. The projection fiR of jj,R is the measure appearing 
in Theorem 3.1: this is how [j,r is actually constructed in [Vel]. 

Let = UPA 7 x Pry, where the union is taken over all pairs of arrows 7' and 7 of distinct 
types (one is top and the other is bottom) such that 7' ends at the start of 7. Let T<r = n PA^ 
and Rz : Y<r — ► T<r be the first return map. The choice of is so that /2r(T(k) is finite. So, we 
may normalize fiR\TrR to get a probability measure /tz on which is invariant under Rz- One 
checks that fiz is ergodic. Moreover, the map Rz is a skew-product over Rz that can be seen as 
the inverse limit of Rr. The projection fiz of fiz is the probability described in Theorem 3.2: this 
is how [iz is constructed in [Zo2] . 

We call invertible Zorich cocycle the lift (Rz,B z ) of the Zorich cocyclc to a cocycle over the 
invertible Zorich map, defined by B z ((A, tt), t) — B z (X,tt). 

3.11. Minimality in the projective space. The aim of this section is to prove Corollary 3.6, 
regarding the projective behavior of the matrices involved in the Zorich cocycle. This result follows 
easily from known constructions, but will be quite useful in the sequel . 

Given x G PA3;, obtained by projectivizing ((A, 7t),t), consider the subspaces E uu , E c , E ss of 
H(tt) defined as follows: firstly, E uu is the line spanned by Q(tt)-t; secondly, E ss is the line spanned 
by fi(7r) • A; and, finally, E c is the symplectic orthogonal to the plane E uu © E ss . Notice that E uu 
is not symplectically orthogonal to E ss : (A, fi(7r) • r) < 0, since both A and — Q(tt) ■ r have only 
positive coordinates. Thus, E c has codimension 2 in H(tt) and H(ir) = E wu © E c © E ss . 

Lemma 3.4. The splitting E uu © E c © E ss is invariant under the invertible Zorich cocycle. The 
spaces E uu and E ss correspond to the largest and the smallest Lyapunov exponents, respectively, and 
E c corresponds to the remaining exponents. 

Proof. The invariance of E uu and E ss follows directly from the definitions and (3.7). The invariance 
of E c is a consequence, since the Zorich cocycle is symplectic. Since E uu is the projectivization of 
a direction in the positive cone and the matrices of the invertible Zorich cocycle have non-negative 
entries, E wu must be contained in the subspace corresponding to the largest Lyapunov exponent. 
Since the largest Lyapunov exponent is simple (see [Zo2]), E uu must be the Oseledets direction 
associated to it. This implies that E ss corresponds to the smallest Lyapunov exponent, since E ss is 
an invariant direction which is not contained in the symplectic orthogonal to E uu . It follows that 
E c must correspond to the other Lyapunov exponents. □ 
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It follows from the definitions that — Q(tt) ■ T n C H(ir) n R+ and hence — Q(tt) ■ T„ is an open 
cone in H{tt). In fact, it is the interior of the cone H + (tt) of Vecch [Vcl]. 

Lemma 3.5. For every [h] G FH(ir), the set 0(11 (71-)) • [h] contains a dense subset ofF(—Q(n) -T n ). 

Proof. For almost every x G T<y\, [h] is not symplectically orthogonal to the span E ss (x) of Q(tt) ■ A. 
Consequently [h] £ E c {x) © E ss (x). By the Oseledets theorem, B z (B%- 1 (x)) ■ ■ ■ B z (x) ■ [h] and 
Q(7j-( m )) • [r' m - ) ] = E uu (x^ m ^) are asymptotic. On the other hand, by ergodicity, the sequence 
Rf(x) = x (m *> = (([A(" l )],7r( m )), [r( m )]) is dense in T m for almost every x. This implies E uu {x^) 
is dense in P(— Q(tt) ■ r„). The result follows from these two observations.. □ 

Corollary 3.6. The action, via ; of the Rauzy monoid H(tt) on FH(tt) is minimal. 

Proof. By Lemma 3.5, the closure of any orbit must intersect every other orbit. This implies 
minimality, obviously. □ 

3.12. Choices of permutations in Rauzy classes. Let us say that tt is standard if the first in the 
top/bottom is the last in the bottom/top. Note that a standard permutation is always irreducible. 

Lemma 3.7 (Rauzy [Ra]). In every Rauzy class there exists a standard permutation. 

Let tt G & (A) be standard. Assuming d > 3, we call tt degenerate if there exists B G A which is 
either second of the top and bottom rows or second to last of the top and bottom rows. Assuming 
d > 4, we call tt good if forgetting the first (and last) letters of the top and the bottom rows gives an 
irreducible permutation. Notice that a standard permutation can not be both degenerate and good. 

Lemma 3.8 (Lemma 20 of [KZ]). In every Rauzy class with #A > 3 there exists either a good 
permutation or a degenerate permutation. 

Proof. We give a proof here for the convenience of the reader, and to avoid confusion with the 
slightly different language of [KZ]. For d = #A = 3 the result is immediate. In what follows we 
suppose d > 4. 

Let A be the first letter in the top and E be the first letter in the bottom. Suppose, by con- 
tradiction, that no standard permutation in 9^ is either degenerate or good. Let tt be a standard 
permutation and tt' be obtained by forgetting A and E. Then tt' is reducible, and so there exists 
a maximal 1 < k < d — 3 such that the set of first k symbols in the top and in the bottom of tt' 
coincide. Since tt is non-degenerate, we must have 2 < k < d — 4. Assume tt has been chosen so that 
the resulting k is maximal. Let x\, . . . , Xk be the first k letters in the top and yi, ■ • ■ ,yk be the first 
k letters in the bottom of tt' (so {xi, . . . , x^} — {yi, ■ . ■ , Vk})- Let C be the letter in position d — 1 
in the top of tt, and I be its position in the bottom of tt. Then k + 2 < I < d — 2. Let C be the 
letter preceding C in the bottom of tt, and r be its position in the top of tt. Then 2 < r < d — 2. 
Let us consider the following Rauzy path starting from tt: 

(1) Apply d — r bottom iterations to tt, so that C becomes last in the top. 

(2) Apply d — I top iterations, so that C becomes last in the bottom. 

(3) Apply r — 1 bottom iterations, so that E becomes last in the top. 

(4) Finally, apply 1 top iteration, so that A becomes last in the bottom. 

Notice that step (1) sends C to the position d — r in the top, preceding E, and step (2) sends A to 
the position d — 1 in the bottom. In the end, we get a new standard permutation tt: A is last in 
the bottom and E is last in the top. Let tt' be obtained from tt by forgetting the letters A and E. 
There are two cases to consider. 
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If I > k + 2 then r > k + 1. The calculation for this case is detailed in the following formula: 
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Notice that C precedes x\,...,Xk in the top and precedes yi,...,yk m the bottom of tt. By 
assumption, tt is neither degenerate nor good. The first of these facts implies that C is not the 
second letter in the top of 7r. The second one means that tt' is reducible: there exists 1 < k < d — 3 
such that the first k elements in the top and the bottom of tt' coincide. In view of the previous 
observations, this implies that the first k elements in the bottom of tt' include C, yi,. ■ ■ ,yu- Thus 
k > fc, contradicting the choice of k. 

If I = k + 1, then C = yk = 2V-i- The calculation for this case is detailed in the formula: 
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Let D be the letter in position d— 1 in the bottom of 7r. Notice that C ^ D since tt is non-degenerate. 
After the first step, C precedes E that precedes xi, . . . ,x r _i = y^. In particular, D appears before 
C in the top. It follows that D appears before C in the top of tt. On the other hand, after the 
second step, D precedes A in the bottom. It follows that D is in position d — 1 in the bottom of 
7r. So, C is the first letter and D is the last letter in the bottom of 7r', and D appears before C in 
the top. This implies that tt' is irreducible, which contradicts the hypothesis. So, this case can not 
really occur. □ 

4. Twisting and pinching 

In this section we consider actions of a monoid B by linear isomorphisms of a vector space H. We 
introduce certain properties of monoids that we call twisting, twisting of isotropic spaces, pinching, 
strong pinching, and simplicity, and describe some logical relations between them. 

4.1. Twisting. We say that a monoid twists a subspace F if it contains enough elements to send 
F outside any finite union of hyperplane sections. More precisely, 

Definition 4.1. We say that B twists some F G Grass(fc,if) if, for every finite subset {F i }"L 1 of 
Grass(dimiJ — k, H), there exists x £ B such that 

(4.1) (x ■ F) n Fi = {0}, l<i<m. 

In connection with the next lemma, observe that a linear arrangement S is £>-invariant (that is, 
x ■ S = S for every x £ B) if and only if it is i3 -1 -invariant, where B^ 1 = {x^ 1 : x £ £>}. In 
particular, the lemma implies that B twists F if and only if B~ x twists F. 

Lemma 4.2. A monoid B twists F £ Grass(fc, H) if and only if F does not belong to any non-trivial 
invariant linear arrangement in Grass(fc,_ff). 
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Proof. Let S C Grass(fc, H) be a non-trivial linear arrangement containing F. Then S is contained 
in a finite union S of hyperplane sections Si — {F 1 E Grass(fc, H) : F' n F, ^ {0}} for all 1 < i < to. 
If B twists F then there exists x E B such that (i • F) fl F, = {0}, 1 < i < m, that is x ■ F £ S. 
Since S C 5, it follows that S* is not invariant. On the other hand, if B does not twist F then there 
exists a finite union of hyperplane sections S C Grass(fc, H) such that x ■ F E S 1 for every x e £>. 
From Corollary 2.5(1) we get that S = fl^ggx -1 • S is a non-trivial linear arrangement containing 
F. It is clear that • S D S for every From Corollary 2.5(3) it follows that x ■ S = S for 

every x E B. □ 

Next, we prove that given any finite family of hyperplane sections and subspaces, possibly with 
variable dimensions, there exists some isomorphism in B that sends every subspace outside the 
corresponding hyperplane section (simultaneously), provided B twists each one of the subspaces 
individually. 

Lemma 4.3. For 1 < j < m, let kj satisfy 1 < kj < 2g — 1, let Fj e Grass(fcj, H), and let 
Fj G Grass(dimiJ — kj,H). Assume that Fj is twisted by B for every j. Then there exists x E B 
such that x-Fjf) Fj = {0} for all 1 < j < m. 

Proof. Let Sj C A k * H be the hyperplane dual to F-. Consider the vector space X = ]lj=i A kj H 
and let W = fl^ggx -1 • Y where 



(4.2) Y = [j \jjA k *H x Sj x ]jA fc *F 



j=l i<j i>j 



C X. 



Let Uj E A kj H projectivize to Fj. If the conclusion does not hold then u = (uj) belongs to W. 
Using Lemmas 2.1 and 2.2, we may write IF as a finite union (uniquely defined up to order) of 
subspaces Wi, I = 1, . . . , L where L is minimal and the IF; are of the form 

(4.3) Wt = x • • • x Wi, m , 

where each Wij is an intersection of geometric hyperplanes of K kj H, or else coincides with the whole 
exterior product. Given any x E B, we have a; -1 • IF D IF and so x^ 1 ■ FF = IF, by Corollary 2.5(3). 
This means that each x E B permutes the Wj and so, for every j, it permutes the Wij (counted 
with multiplicity). We have u E Wi for some lo, that is, Uj E Wi j for all j. Since FF ^ X, there 
exists jo such that Wi j ^ A kj oH, and so Grass(fc JO , H) is not contained in the projectivization 
of Wi j . Note that, by construction, the intersection of Grass(fc JO , H) with the projectivization of 
Wi j contains F J0 . Let FF° be the union of all IF/ J0 whose projectivization intersects but does 
not contain Grass(fc JO , H). Then the projectivization of IF intersected with Grass(Aij , H) is a non- 
trivial linear arrangement in the Grassmannian, invariant for B and containing Fj . This contradicts 
the assumption that B twists F J0 . □ 

Lemma 4.4. Let B be a monoid acting symplectically on (H,u>), and assume that the action of B 
on the space of Lagrangian flags C(H) is minimal. Then B twists isotropic subspaces. 

Proof. If B acts minimally on C(H) then it also acts minimally on each lso(k,H), 1 < k < g 
(where dimff = 2g). We will only use this latter property. Let F E lso(k,H) and S be a non- 
trivial invariant linear arrangement in Grass(fc,F). If F e S then S PI lso(k,H) is a non-empty 
closed invariant set under the action of B. By minimality, it must be the whole of lso(k,H). This 
contradicts Lemma 2.6. Therefore, F ^ S. In view of Lemma 4.2, this proves the claim. □ 
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4.2. Pinching. Assume that B acts symplectically on (H,oj), dim = 2g. 

Definition 4.5. We say that B is strongly pinching if for every C > 0, there exists x £ B such that 

(4.4) lna g (x) > C and lna^x) > Clna i+1 (x) for all 1 < i < g - 1. 

This is independent of the choice of the inner product used to define the singular values. 

The converse statement in the next lemma says that strong pinching together with the twisting 
of all isotropic spaces provide good separation of the Lyapunov exponents. 

Lemma 4.6. If for every C > 0, there exists x £ B such that 

(4.5) B g {x) > and 9 k {x) > C6 k +i(x) for all 1 < k < g - 1, 

then B is strongly pinched. Most important, the converse holds if B twists isotropic spaces. 
Proof. Clearly if x has simple Lyapunov spectrum we have 

(4.6) o k {x n ) x e n6 ^ x \ 

This gives the first assertion. For the second one, let x n £ B be such that 

(4.7) o- g (x n ) > n and In a k (x n ) > n In cr k+1 (x n ) for all 1 < k < g — 1. 

We may assume that x n • E^(x n ) converges to some E% 6 Grass(fc,iJ) and E^{B n ) converges to 
some Ef. G Grass(2g — k, H), 1 < k < g. By Lemma 2.13, the subspaces E% are isotropic. It follows 
from Lemma 4.3 that if B twists isotropic subspaces, there exists x £ B such that 

(4.8) x-E^nE s k ^ {0} for all 1 < k < g. 
By Lemma 2.9, there exists C > such that 

(4.9) \9 k (xx n ) - \ncr k (x n )\ < C for all 1 < k < g, 

which implies the result. □ 

The next lemma indicates a useful special situation where one has the strong pinching property 

Lemma 4.7. If for every C > there exists x £ B for which 1 is an eigenvalue of geometric 
multiplicity 1 (dimension of the eigenspace equal to 1), and we have 

(4.10) 9 g -i(x)>0 and 6 k {x) > C6 k+1 {x) for all 1 < k < g - 2, 
then B is strongly pinched. 

Proof. Since the action is symplcctic, the eigenvalue 1 has even algebraic multiplicity. Considering 
the Jordan form of x, the hypotheses imply 

(4.11) a g (x n )^n 

(4.12) <r k (x n ) x e 6k(x > for all 1 < k < g - 1. 

The claim follows immediately. □ 

Lemma 4.8. Assume £> C B twists isotropic subspaces and is strongly pinching. Then for every 
x £ B and any C > there exists xq £ Bq such that 

(4.13) 6g(xo) > and 6i(x ) > C6 i+1 (x ) for all 1 < i < g - 1, 

(4.14) 8g(xx ) > and 9i(xx ) > C8 i+ i(xx ) for all 1 < i < g — 1. 
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Proof. Let X2 G Bo satisfy the conditions in (4.13): g (x2) > and 6i(x2) > C6i+\{x2) for all 
1 < i < g — 1- Let E%(x 2 ) = lima:!? ■ ^(^2)) which is the space spanned by the fc eigenvectors with 
largest eigenvalues, and let Ef.{x2) = limi^x™) which is the space spanned by the 2g — k remaining 
eigenvectors. Using Lemma 4.3, select x\ G £> such that xi- E^HE^ = {0} and xzi ■ E^nEj: = {0} 
for all 1 < fc < 5. Then x = xia^ 1 satisfies all the conditions for n large, by the same argument as 
in Lemma 4.6. □ 

4.3. Simple actions. 

Definition 4.9. We say that B is twisting if it twists any F G Grass(/c, if) for any 1 < k < dim if — 1. 

From the observation preceding Lemma 4.2 we have that B is twisting if and only if B^ 1 is 
twisting. 

Definition 4.10. We say that B is pinching if for every C > there exists x G 2? such that 

(4.15) cr^z) > Ccr i+ i(a;) for all 1 < i < dim if - 1. 

This is independent of the choice of the inner product used to define the singular values. 

Definition 4.11. We say that B is simple if it is both twisting and pinching. 

Lemma 4.12. Let B be a simple monoid. Then the inverse monoid B^ 1 is also simple. 

Proof. Twisting follows directly from the observation preceding Lemma 4.2. Pinching follows from 
the fact that In 0^(2:) = — ln<7<ii m .H_,+i(a; ) for all 1 < i < dimi? — 1. □ 

We suspect there could be sufficient conditions for twisting along the following lines: 

Problem 4.13. If B acts minimally on FH is it necessarily twisting? For symplectic actions, one can 
ask a weaker question: Does minimal action on FH imply twisting of isotropic subspaces? 

Lemma 4.14. Let B be a monoid acting symplectically on (H,u>). If B twists isotropic subspaces 
and is strongly pinching then it is simple. 

Proof. To see that strong pinching implies pinching, it is enough to consider an adapted inner 
product, for which (4.4) implies also 

(4.16) -lna g+1 (x)>C, 

(4.17) -lna i+1 (x) > -Cln<Ti(x) for all g + l<i<2g-l, 

where dimi? = 2g. We are left to show that, under the hypotheses, B twists any F G Gvass(k,H). 
It is easy to see that B twists F if and only if it twists its symplectic orthogonal. So it is enough 
to consider the case 1 < k < g. Let S C Grass(fc, H) be a non-trivial invariant linear arrangement. 
By Lemma 4.6, there exists x\ G B with simple Lyapunov spectrum. Let E s = limE^x") and 
E u = lima;™ • E+(xi) be the stable and unstable eigenspaces of x\. Thus both E s and E u are 
isotropic subspaces of H. If F G S then there exists x £ B such that (x ■ F) n E s = {0}. It follows 
that x™Xq ■ F converges to a subspace of E u . Since S is closed, we conclude that S n Iso(fc, H) ^ 0. 
This contradicts the assumption that B twists all elements of Iso(fc, H). □ 

Remark 4.15. An argument similar to the proof of the previous lemma shows that if B is simple and 
acts symplectically then any closed invariant set in the flag space T{H) intersects the embedding 
of the space of Lagrangian flags C(H), that is, it contains some {Fi) 2 ^ 1 such that {Fi)f =1 is a 
Lagrangian flag and F 2g -i is the symplectic orthogonal of Fj. 
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Lemma 4.16. Let Bo C B be a large submonoid in the sense that there exists a finite subset Y C B 
and z G B such that for every x G B, yxz G Bo for some y G Y . If B is twisting or pinching then 
Bq also is. Assuming the action of B is symplectic, if B twists isotropic subspaces or is strongly 
pinching then the same holds for Bq- 

Proof. Notice that | ln<7j(x) — hio~i(yxz)\ < C where C only depends on y, z and the choice of the 
inner product used to define the singular values. Thus if B is (strongly) pinching then Bo is also 
(strongly) pinching. Let S C Grass(fc, H) be a non-trivial linear arrangement invariant for Bo- Then 

(4.18) Plar 1 - [jy-'-SD p| p| (y-'xoz- 1 )- 1 ■ (J y-'-SDz- f) f| 1 • S = z- S. 

xeB v eY v eY x„eB v eY y eY x eB 

So, z ■ S is contained in a non-trivial linear arrangement invariant for B. This shows that if B is 
twisting then so is Bo- If B acts symplectically and S intersects lso(k,H) then z ■ S also does, so if 
B twists isotropic subspaces then Bo also does. □ 

Lemma 4.17. Let B be a simple monoid. Then there exists x G B with simple Lyapunov spectrum 
6i{x) > i+1 (x), 1 < i < dimi? - 1. 

Proof. Let x n G B be such that lno-j(x) — ln<7j + i(a;) > n, 1 < i < dimiJ — 1. We may assume 
that E~ (x n ) and x n ■ Ef(x n ) converge to spaces Ef and Ef, 1 < i < dimiJ — 1. Let x G B be 
such that (x ■ Ef) n E? = {0}, 1 < i < dimH - 1. By Lemma 2.9 there exists C > such that 
\9i(xx n ) — ln(7i(x„)| < C, 1 < i < dim H — 1. This gives the result. □ 

5. Twisting of Rauzy monoids 

Recall that a Rauzy monoid II (tt) acts symplectically on H (n) (by 7 ■ h = 6(7) • h). In particular, 
it acts on the space of Lagrangian flags £(H(n)). Our aim in this section is to prove the following 
result: 

Theorem 5.1. Letir be irreducible. The action of the Rauzy monoid U(n) on the space of Lagrangian 
flags C(H(t:)) is minimal. 

Corollary 5.2. Let n be irreducible. The action of the Rauzy monoid U(tt) on H(ir) twists isotropic 
subspaces. 

Proof. This follows directly from Theorem 5.1 and Lemma 4.4. □ 

5.1. Simple reduction. Let A be an alphabet on d > 3 symbols, B G A, and A' = A\{B}. Given 
7T G &°(A), let tt' be obtained from tt by removing B from the top and bottom rows. If tt' G &°(A'), 
we say that tt' is a simple reduction of tt. Let 2g(7r) = dimi7(7r) = rankf2(7r) and analogously for 
tt'. Let P : R- 4 — > R A be the natural projection, and P* : R A — > R A be its adjoint (the natural 
inclusion). Notice that 

(5.1) Pn(TT)P* = fl(TT'). 

Lemma 5.3. Let tt' be a simple reduction of tt. Then either g{Tr) = g{Tr') or g(ir) = g{Tr') + 1. 
Moreover, the following are equivalent: 

(1) g(TT)=g(TT'), 

(2) H(tt) is spanned by {Q(tt) ■ e x , x G A'}, 

(3) e B ^H(Tr), 

(4) ejj does not belong to the span of {£1(tt) ■ e x , x G A'}, 

(5) P restricts to a symplectic isomorphism H{tt) — > H(tt'). 

Proof. There are two possibilities for the value of ya,nk PQ(tt)P*: 
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(a) We may have rank PQ(w) P* = rankf2(-7r). Since the rank can not increase by composition, 
this implies that rankPfi(7r)P* = rankPO(7r) = rankfi(7r)P* = rankfi(7r). 

(b) We may have rank PVL(tt)P* < rankf2(7r). Notice that rank Pfl(ir)P* > rankf2(7r) — 2. Since 
rank£!(7r) and rankP£7(7r)P* are even, we must have rankPf2(7r)P* = rankfi(7r) — 2. This 
implies that rankPO(-7r) = rankfi(7r)P* = rank£l(7r) — 1. 

By (5.1), in case (a) we have g(ir) = g{ir') and in case (b) we have g(w) — g(Tr') + 1. Notice that 

(1) is equivalent to rankPf2(7r)P* = rank£l(7r), 

(2) is equivalent to Q(tt) ■ R A = Q(tt)(P* ■ R A '), that is, rankfi(Tr) = rankfi(7r)P*, 

(3) is equivalent to (Q(tt) ■ R A ) n KcrP = {0}, that is, rankPr2(?r) = rankfi(Tr), 

(4) is equivalent to (CI(tt)(P* ■ K" 4 ')) H KcrP = {0}, that is rankPft(7r)P* = rankfi(7r)P*. 
Thus, (1), (2), (3), (4) are all equivalent. It is clear that (5) implies (1). Notice that, by (5.1), we 
have P • H(ir) D H{tt'). So, (1) implies that P restricts to an isomorphism H(ir) — ► H(tt'). To 
see that this isomorphism is symplectic, let lo and lo' be the symplectic forms on H(tt) and H(tt'). 
Then, using (5.1) and the definition of lo and lo' , 



lo'(PVL{tt) ■ e x , Pfi(7r) • e y ) = lo'(Q(tt') ■ e x , PQ(n) ■ e y ) = (e x ,PVt(ir) ■ e y ) 

y ) = lo(Q(w) ■ e x ,VL(ir) ■ e y ) 
— > H(n') is symplectic. 



= (P*-e x ,Sl{n) 

for all x,!/£ A'. In view of (2), this implies that P : H(n) — * H(tt') is symplectic. □ 

5.2. Simple extension. Let A' be an alphabet on d > 2 symbols and tt' G &°(A'). Let A be the 
first in the top and E be the first in the bottom. If B <£ A', let A = A' U {B}. Let C,D e A' be 
such that (A, E) ^ (C,D) (we allow C = D). Let tt = £(ir') be obtained by inserting B in n' just 
before C in the top and before D in the bottom. This operation is described by: 



Lemma 5.4. tt = £(ir') is irreducible. 

Proof. Suppose the first k < #A symbols in the top and the bottom of tt coincide. Note that k > 2. 
If these symbols do not include B, then they are also the first k symbols in the top and the bottom 
of tt'. Otherwise, removing B we obtain the first k — 1 symbols in the top and the bottom of tt'. In 
either case, this contradicts the assumption that tt' is irreducible. □ 

This immediately extends to a map £ defined (by the same rule) on the whole Rauzy class %K{tt'). 
We are going to see that £ takes values in the Rauzy class of tt. Given an arrow 7' in 9\(tt'), let 
7 = £*(t') be the path defined as follows: 

(1) If C is last in the top of tt' and 7' is a bottom arrow then 7 is the sequence of the two 
bottom arrows starting at the f-image of the start of 7'. This is described by: 



£,(-/') 



* c 

* c 



B C 



B D ■ * ) 



(2) If D is last in the bottom of tt' and 7' is a top arrow then 7 is the sequence of two bottom 
arrows starting at the £- image of the start of 7'. This is analogous to the previous case. 

(3) Otherwise, 7 is the arrow of the same type as 7' starting at the £ -image of the start of 7'. 
For example: 



£»(7') : 



B C 



D 

B D 



B C 
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In all cases, 7 starts at the image by £ of the start of 7' and ends at the image by £ of the end of 
7'. This shows that 7 is a path in the Rauzy class of tt, and that £ takes values in £H(7r). We extend 
£* to a map n(£H(7r')) — > n(£H(7r)) in the whole space of paths, compatible with concatenation, and 
call £ : 91(71-') -> 91(7r) and £* : n(9t(7r')) -> n(9t(7r)) extension maps. 

Remark 5.5. If 7r is a simple extension of tt' then tt' is a simple reduction of tt. The converse is true 
if and only if the omitted letter is not the last on the top nor on the bottom of tt. 

Observe that if 7' = £* (7) then 

(5.2) P6( 7 ) = 0(Y)P. 

Indeed, this may be rewritten as follows (recall that -P(es) = and P(e x ) — e x for every x ^ B): 

(5.3) (6(7) • e x ,e y ) = (6(7') • P(e x ),e y ) for all x G A and y G A'. 

It is enough to check the case when 7' is an arrow, because £* is compatible with concatenation. In 
case (1) of the definition above, 0(7') • e* = ec + e* and 6(7') • = for any a; G A' \ {*}. On 
the other hand, 6(7) • e* = e# + ec + e* and 0(7') • e x = e x for any a; e .4 \ {*}. In particular, 
0(7) • es = pb- The claim (5.2) follows in this case, and the other two are analogous. 

Lemma 5.6. Let tt be a simple extension of tt' , and assume that g(rr) = g(rr'). There exists a 
symplectic isomorphism H(tt) — > H(tt') which conjugates the actions of £*( r )') on H{tt) and of '7' 
on H(tt'), for every 7' G II(7r'). 

Proof. By Lemma 5.3, the natural projection P : R A — > R A restricts to a symplectic isomorphism 
H(tt) — ► H(tt'). Then (5.2) shows this isomorphism conjugates 0(7) | H(tt) and 0(7') | H(tt'). □ 

Lemma 5.7. Let tt G 6°(^). // #.4 > 3 f/ien i/iere exists B e A and tt' G 6°(.4 \ {B}) sttc/i f/iaf 
tt is a simple extension of tt' . 

Proof. Let A be the first in the top and E be the first in the bottom of tt. If tt (E) < 7Ti(^4), let 
B = E. If tt\ (A) < tt (E), let B = A. If tt (E) = m(A) < if A, let B G be arbitrary. If 

tto(E) = tt\(A) = # A, let S G A \ {A,E} be arbitrary. Let tt' be obtained by forgetting B on 7r. 
Notice that tt' is irreducible. Indeed, suppose the first k letters in the top coincide with the first k 
letters in the bottom, 1 < k < d — 2. In the first case, one must have k > ^[(A) and then, adding 
the letter E to the list, one gets that, for tt, the first k + 1 letters in the top coincide with the first 
k + 1 letters in the bottom. This contradicts the assumption that tt is irreducible. A symmetric 
argument applies in the second case, and the same reasoning applies also in the third case. Finally, 
admissibility is obvious in the fourth case, because the permutation is standard. In all cases, tt is a 
simple extension of tt' . □ 

5.3. Proof of Theorem 5.1. We prove the theorem by induction on the size ffA of the alphabet. 
By Corollary 3.6, the conclusion holds when ffA = 2, since in this case £(H(tt)) is just ¥H{tt). 
Assume that it holds for if A = d — 1 > 2, and let us show that it also does for ffA = d. 

By Lemma 5.7, there exists tt' G 6°(„4'), A' = A\{B} such that tt is a simple extension of tt' . If 
g(n) = g(Tr') 7 the result follows immediately from the induction hypothesis and Lemma 5.6. Thus, 
we may assume g(Tr) = g(Tr') + 1. Let H = H(tt), H' = H(tt'), 17 = fi(7r), O' = £1'(tt), uj = 
lo' = If 7' G n(7r') then 7 = £*{l') i s contained in the stabilizer of es, that is 

(5.4) 0(7) -e B = e B 
(because B never wins). 

Lemma 5.8. There is a symplectic isomorphism H Xb — > H' that conjugates the action of £*(Y) on 
H Xb and the action of 7' on H' , for every 7' G IT(7r'). 
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Proof. Write h £ H as h = ^2 xe _4,u x (fl ■ e x ) with u x £ K. Then the condition u)(h,e B ) = 
corresponds to 

(5.5) u(h, e B ) = u x (e x ,e B ) = u B = 0. 

In other words, h £ H\ B if and only h belongs to the span of f2 • e Xl x £ A'. Using (5.1) we obtain 
that P : R A — ► R A ' takes H Xb to The quotient P : H Xb -> H' is symplectic: using again (5.1), 
the definition of w and u>', and (5.3), 

w'(PSl ■ e x , PQ, ■ e y ) = u)'(Q' ■ e x , 0' • e y ) = (e x , fl' ■ e y ) = (e x , Cl ■ e y ) = w(Q -e x ,fl- e y ) 

for all i,i/6 A'. Moreover, by (5.2), this map conjugates the action of 7 on H Xb with the action of 
i on H'. □ 

By the induction hypothesis, we conclude that £*(H(tt')) C n(7r) acts on minimally C(H Xb ). By 
Lemma 2.7 and Corollary 3.6, this implies that the action of n(7r) on C(H) is minimal. □. 

6. Pinching of Rauzy monoids 
Our aim in this section is to prove the following result. 

Theorem 6.1. Let n be irreducible. The action of the Rauzy monoid IL(tt) on H(ir) is strongly 
pinching. 

Corollary 6.2. Let ir be irreducible. The action of the Rauzy monoid H(ir) on H(tt) is simple. 
Proof. This follows directly from Corollary 5.2, Theorem 6.1, and Lemma 4.14. □ 

Remark 6.3. In view of Corollary 6.2, we may apply Remark 4.15 to the action of the Rauzy monoid 
on the space of flags: any closed invariant set in T{H{-k)) intersects the embedding of the space 
£(H(tt)) of Lagrangian flags. Since the action on the latter is minimal, by Theorem 5.1, we get that 
the only minimal set of the action of n(7r) on the space of flags is the embedding of Lagrangian flags. 

We start the proof of Theorem 6.1 by observing that the strong pinching property only depends 
on the Rauzy class: 

Lemma 6.4. If ir is such that the action ofIL(iv) on H(ir) is strongly pinching and tt £ $H(7r) then 
the action ofH(n) on H(tt) is strongly pinching. 

Proof. Let 70 £ 11(91(71")) be a path starting at tt and ending at ir, and let 71 £ II(9t(7r)) be a path 
starting at tt and ending at ir. Then 11(7?) D 7oII(7r)7i, and we conclude as in the first part of the 
proof of Lemma 4.16 that II(7r) is strongly pinching. □ 

6.1. Minimal Rauzy classes. Let us call a Rauzy class C 6° (A) minimal if #A — 2g(9V). Recall 
the definitions of degenerate permutation and good permutation in Section 3.12. In particular, these 
permutations are standard, by definition. 

Lemma 6.5. Let n £ &°(A) be a degenerate permutation. Then e B ^ H(tt), where B is the letter 
appearing in the second (or second to last) position of both top and bottom. 

Proof. Let O = Q,(ir). Let A be first in the top (last in the bottom) and E be the first in the bottom 
(last in the top). If e B £ H(it) then, by the equivalence of (3) and (4) in Lemma 5.3, we can write 

(6.1) e B — u x (Q ■ e x ) with u x £ K. 
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Since tt is standard, with first/last letters A and E, the definition (3.3) gives {Vl ■ e x ,eA) = 1 for all 
x ^ A, and (£1 • e x , e E ) = —1 for all x ^ E. Thus, the previous relation implies 

(6.2) Q=(e B ,e A )= u x and = (e B ,e E } = - ^2 u x . 

x =iA,B x =iE,B 

This implies that ua — u e = 0. On the other hand, 

(6.3) 1 = (eg, e B ) = ^ (£1, e B ) = u E - u A 

X ^B 

because B is the second letter in both top and bottom (use (3.3) once more). This contradicts the 
previous conclusion, and this contradiction proves that e B ^ H(tt). □ 

Lemma 6.6. Any minimal Rauzy class 9t C 6°(^4) with g{d\) > 2 contains a good permutation. 

Proof. By Lemma 3.8, if Dl does not contain a good permutation then it contains some degenerate 
permutation tt. Let B e A be as in Lemma 6.5, and let n' be obtained by forgetting B in tt. Then 
tt' is a simple reduction of tt, and by the equivalence of (1) and (3) in Lemma 5.3, g(Tr') = g{rr). 
Thus #A > 25(71-') + 1 = 2.9(77-) + 1, and so D\ is not minimal. □ 

Lemma 6.7. If tt is good and tt" is obtained by forgetting the first (and last) letters of the top and 
bottom rows then g(Tr) < g{Tr") + 1. In particular, z/9^(7r) is minimal then 9\(tt") is also minimal. 

Proof. To prove the first claim, let A be first in the top (last in the bottom) and E be first in the 
bottom (last in the top) of tt. Let tt' be obtained by forgetting A in 7r. Then tt" is a simple reduction 
of tt', which is itself a simple reduction of tt. Let £1 = CI(tt), O' = f2(7r'), 0" = Q(tt"), g = g(n), 
g' = g(Tr'), and g" — g(Tr"). If g = g' then g = g' < g" + 1, by Lemma 5.3, and the conclusion 
follows. Otherwise, g = g' + 1 and, by the equivalence of (1) and (4) in Lemma 5.3, we can write 

(6.4) ca — ^ u x {Vl ■ e x ) with u x 6 M. 

X ^A 

This implies that (recall the definition (3.3) of £1) 

(6.5) = {e A ,e E ) = - ^ Ux > and 1 = {eA,e A ) = ^u x 

X ^A,E X ^A 

so that ue = L From (3.3) we have that ft' ■ e x — £1 • e x — for all x ^ A. Consequently, using the 
previous equalities, 

fl' ■ e E = CI ■ e E - u x (Cl ■ e x ) = - ^ u x (Cl ■ e x ) = - u x {Q! ■ e x ) 

X ^A X =£A,E X =£A,E 

By the equivalence of (1) to (2) in Lemma 5.3, this gives that g' — g" and so g — g" + 1. 

The last claim in the lemma is an immediate consequence of the first one, because j^A = 2g(Tr) 
and if A - 2 = #(A \ {A, E}) > 23(77"), and so the equality must hold if 3 (tt) < 3 (tt") + 1. □ 

6.2. Reduction to the case of minimal Rauzy classes. 

Lemma 6.8. Let 9i C S°(»4) be a Rauzy class such that #A > 2g(9\). Then there exists tt e 9^ 
which is a simple extension of some tt' with g(Tr) = g{iT'). 

Proof. By Lemma 3.7, we may consider some standard permutation tt € 91. Since ffA > 2g, there 
exists B G A such that e B ^ H(tt). Let A' = A \ {£>}• Let A be the first in the top (last in the 
bottom) and E be the first in the bottom (last in the top) of tt. If B = A let tt be obtained from tt 
by applying a top arrow. If B — E let tt be obtained from tt by applying a bottom arrow. Otherwise, 
let tt = tt. The first two cases of this definition are condensed in the following formula: 
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In all cases, the fact that es £ H(tt) easily implies that es £ H(ir). Let tt' be obtained from tt 
by forgetting B. Then tt is a simple extension of tt' and, from the equivalence of (1) and (3) in 
Lemma 5.3, we obtain that g(ir) — g(ir'). □ 

Lemma 6.4 says that replacing any permutation by another in the same Rauzy class does not 
affect the strong pinching property. By Lemma 6.8, if a class is non-minimal then it contains some 
permutation tt which is a simple extension of some tt' with g(n) = g(n'). Then, Lemma 5.6 says 
that the action of n(7r') is conjugate to the action of a submonoid of II(7r). It follows that strong 
pinching for II (tt 1 ) implies strong pinching for II (tt). Repeating this procedure one eventually reaches 
a permutation in some minimal class. This means that these results reduce the proof of Theorem 6.1 
to the case of minimal Rauzy classes. 

We will also need a special formulation of this reduction which has a stronger conclusion, since it 
provides properties of a specific submonoid. 

Lemma 6.9. Let tt' e &°(A') be such that E e A' is the last in the top and the first in the bottom. 
Let A" = A' \ {E} and tt" be obtained from tt' by forgetting E. Assume that tt" is irreducible and 
that g(Tr') = gW). Assume also that the action o/IT(7r") on H(tt") twists isotropic subspaces and 
is strongly pinching. Let fl{n r ) C n(7r') be the submonoid of all 7 such that 6(7) -eg = e^. Then 
the action offl(Tr') on H(tt') twists isotropic subspaces and is strongly pinching. 

Proof. Notice tt' is not a simple extension of tt" , since E is the last in the top (recall Remark 5.5), 
and so we can not apply Lemma 5.6 directly Let d = jfA. Let D be last in the bottom for tt' . 
Then D is in the fc-th position in the top row for some 1 < k < d — 1. In fact, k < d — 2 because 
we assume that tt" is irreducible. Let -f' be the bottom arrow starting at tt' , and let fr' be the end 
of 7q. Let 7( be a sequence of d — k — 1 bottoms starting at tt' . Notice that 7^ ends at tt' . This is 
illustrated in the following formula: 

* =[ E • • ■ ■ D ) n = { E ■ ■ • • D ) ^ 

Then tt' is a simple extension of tt" . By Lemma 5.6, the action of £*(n(7r")) C n(-7r') on H(tt') is 
conjugate to the action of n(7r") on H(tt"), and so it also twists isotropic subspaces and is strongly 
pinching. Since D ^ E is the winner of all arrows of 7g and -f[, &{%) and 6(7^) preserve eg. It 
follows that 7Q£*(II(7r"))7( is contained in the submonoid n(7r') that stabilizes e^. We conclude as 
in the proof of Lemma 4.16 that n(7r') twists isotropic subspaces and is strongly pinching. □ 

6.3. Proof of Theorem 6.1. The proof is by induction on #A. The case #A = 2 is easy because 
any arrow, top or bottom, gives a parabolic element for the action. Let us show that if strong 
pinching holds for #^4 = d — 1 > 2 then it holds for #A = d. 

Let tt £ 6°(^l). As explained before, if d > 2g(n) then the result follows from the induction 
hypothesis using Lemmas 5.6, 6.4, and 6.8. So, we may assume that d = 2g(Tr). Let g = g{Tr). 
Notice that g > 2 because d > 2. By Lemma 6.4, the conclusion does not change if we replace tt by 
any other permutation in the same Rauzy class. By Lemma 6.6, the Rauzy class contains some good 
permutation tt £ 9l(7r). Hence, we may suppose from the start that tt is the permutation obtained 
by applying a top arrow to tt. Lemma 4.7 reduces the proof that the action of n(7r) on H(tt) = M. A 
is strongly pinching to proving 

Lemma 6.10. For every C > there exists B G 0(n(7r)) for which 1 is an eigenvalue of geometric 
multiplicity 1 ( the eigenspace has dimension 1 ) and 

(6.6) 9 g ^ 1 (B)>0 and 6 k {B) > C6 k+1 {B) for all 1 < k < g - 2. 

Proof. Let A be first in the top (last in the bottom) and E be first in the bottom (last in the top) of 
tt. Let tt' be obtained by forgetting A from tt and A' = A \ {A}. Then E is last in the top and the 
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first in the bottom of tt', and this ensures that tt' is irreducible. Moreover, tt is a simple extension 
of tt', and tt' is a simple reduction of both tt and tt. This is illustrated in the formula that follows: 



E 
A 



Let 7g € n(7r') be the sequence of 2g — 2 top arrows starting (and ending) at tt', and let 70 = £* (to)- 
Then 70 € n(7r) is a sequence of 2g — 1 top arrows starting and ending at tt. Notice that E is the 
winner in all these arrows, and so 







/ 1 







1 \ 









1 




1 


(6.7) 


e(7o) = 






















1 1 






V 







1 1 


where the 1 column 


is the one indexed by E. 


Mor 


e precisely, 


(6.8) 


6(70) • e 


X 


for all x 


eA\{E}, 


(6.9) 




e( 7o ) 


■ e E 


= E 





xEA 

Now let n(7r') C n(7r') be the set of all 7' such that 6(7') -e^ = e E - We claim that the action of n(7r') 
on H{tt') twists isotropic subspaces and is strongly pinching. This is easily obtained from Lemma 
6.9, as follows. Let tt" be obtained from tt' by forgetting the letter E. Equivalently, tt" is obtained 
from the good permutation tt by forgetting A and E. According to Lemma 6.7, g(n) = g(n") + 1. 
We also have 2g{rr") < 2g(ir') < #A - 1 = 2g(it) - 1. Consequently, g(Tr") = g(Tr'). This means 
we are in a position to apply Lemma 6.9: since the action of n(7r") on H(tt") is strongly pinching 
and twists isotropic subspaces, by the induction hypothesis and Corollary 5.2, the same is true for 
the action of n(7r') on H(tt'), as claimed. Then we may apply Lemma 4.8 to find 7' G 11(71"') such 
that (take x — 70 and xq = 7' in the lemma) 1 is not an eigenvalue of 7' acting on H(tt'), and the 
Lyapunov exponents of 7 ; 7q acting on H(tt') satisfy 

(6.10) 9 -i(77o)>O and ^( 7 7o) > ^+1(770) for all 1 < i < g - 2. 

Let us show that B = 0(£*(7'7o)) has the required properties. 

Write 7 = £^(7'), so that B = 0(70)6(7). Since E is never a winner for any of the arrows that 
form 7' (because 7' is chosen in the stabilizer of eg), it is never a winner for 7 either. Moreover, 
noting that E is first and A is second in the bottom of tt, we see that A is never a winner nor a loser 
for 7. Together with (6.8) and (6.9), this gives 

(6.11) 6(7) • e A = e A and 6(7) • e E 



(6.12) (O(-y)-e x ,e A } = for all x £ A \ {A}. 

In other words, the matrix of 0(7) has the form 



(6.13) 



6(7) = 



/ 1 








\ 





* 


* 








* 


* 





V 


* 


* 


1 J 



This implies that B = 6(70)6(7) satisfies 

(6.14) B-e A = e A , 

(6.15) (B-e x ,e E ) = (B-e x ,e A ) for all x € A \ {A}. 
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By (6.14), we have that 1 is an eigenvalue of B. Let us check that its geometric multiplicity is 1. 
Indeed, otherwise there would exist h £ R A \ {0} such that B ■ h = h and (h, e^) = 0. By (6.15), 

(6.16) (h, e E ) = (B-h, e E ) = (B ■ h, e A ) = (h, e A ) = 0. 

Let P : R -4 — > M. A be the natural projection and ti = P ■ h. Notice that P* • ti — h, because h is 
orthogonal to e^. In particular, ti is non-zero. We have 

(6.17) 6( 7o ) = Pe( 7o )P*, 6( 7 ') = P6( 7 )P*, 6(70)6(7') = PBP*. 
This implies 

(6.18) e(7o)0( 7 ') • ti = PBP* -ti = PB -h = P -h = ti. 

We also have (h',eE) = (h,eE) = 0. Now, (6.8) and (6.17) imply that O(7 ) ■ e x — e x for all 
x £ A 1 \ {E}. Consequently, 

(6.19) 6( 7o ) • ti = ti or, cquivalently, ti = e^)" 1 • ti. 
From (6.18) and (6.19) we immediately get that 

(6.20) 6(7') • ti - ti. 

But (6.11) implies that 8(7') - eg = P<d(~/)P* - eE — eg, and so (6.20) implies that 1 is an eigenvalue 
of 0(7') with geometric multiplicity 2 at least. Since H(tt') has codimension 1 in R -4 , this implies 
that 1 is an eigenvalue of 6(7') acting on H(tt'), which contradicts the choice of 7'. This proves 
that 1 is an eigenvalue of B with geometric multiplicity 1, as claimed. To obtain the properties in 
(6.6), notice that (6.14) and (6.17) imply that the matrix of B has a block triangular form, with 
the matrix of 6(79)0(7') as a diagonal block. It follows that the eigenvalues of B are, precisely, the 
eigenvalues of 6(79)6(7'), together with an additional eigenvalue 1 associated to the eigenvector 
e A - Observe that this eigenvalue must have algebraic multiplicity 2, since the action is symplectic. 
Therefore, the Lyapunov spectrum of B consists of the Lyapunov spectrum of 6(7^)6(7') on H(tt') 
together with two additional zero Lyapunov exponents. Thus, (6.10) implies (6.6). This finishes the 
proof of Lemma 6.10. □ 

At this point the proof of Theorem 6.1 is complete. □ 

Remark 6.11. In the above argument we concatenate two Rauzy paths to generate another one 
exhibiting some parabolic behavior. It would be interesting to find a geometric interpretation, in 
terms of the Teichmiiller flow, of how that behavior arises. 

Remark 6.12. Some of the richness properties we have been discussing, like twisting, depend only on 
the group generated by the monoid (because invariance under the monoid is equivalent to invariance 
under the group generated), while others, such as strong pinching, depend on the monoid itself. It 
is interesting to investigate how large is the generated group. The only obvious restriction is that 
this group preserves the integer lattice H(tt) H lA . What is its Zariski closure (which plays a role in 
[GM]) ? Such questions had already been raised by Zorich in [Zo4], Appendix A. 3, where he made 
some specific conjectures. We believe it is possible to proceed further in this direction with the 
arguments of the present paper, particularly our induction procedure in terms of relations between 
Rauzy classes. 

7. Simplicity of the spectrum 

7.1. A criterion for simplicity of the spectrum. Let (A,/io) be a probability space, and let 
T : A — > A be a transformation such that there exists a finite or countable partition of A into sets 
AW, I £ A of positive measure such that T : A^ — > A is an invertible measurable transformation 
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and T*(/io\A">) is equivalent to /io. Let fi be the set of finite sequences of elements of A, including 
the empty sequence. If I — (h, . . . , l m ) G £1, let 

A- = {.t G A : T k (x) G A (lk + l) for < k < m}, 

and T- — T m : A- — > A. The A^ have positive measure and T l - is an invcrtible measurable transfor- 
mation. We say that (T, /j, ) has approximate product structure if there exists C > such that 

(7.1) 1< / A / r ^° |Al) <C for all/ e a 

C " mo(A^) d^o 

Notice that T is measurable with respect to the cylinder a-algebra of T, that is, the er-algebra 
generated by the A-, Z G £1. It is not difficult to check, using (7.1), that T is ergodic with respect to 
the cylinder <r-algebra, and there is a unique probability measure /i on the cylinder cr-algebra which 
is invariant under T and is absolutely continuous with respect to ^o- Moreover, 

and (T, /j,) has approximate product structure as well. 

Let (T, fj) have approximate product structure and H be some finite dimensional vector space. 
Let A® G SL(if), I G A, and define A : A -> SL(iJ) by A(x) = A« if x G A^. We will say that 
(T, ^4) is a locally constant cocycle. The supporting monoid of (T, A) is the monoid generated by the 
A^ l \ I G A. By ergodicity and the Oseledets theorem [Os], if the cocycle is measurable, that is, if 
Jin ||A(x)||c?^(x) < oo, then it has a well defined Lyapunov spectrum. 

Theorem 2. Let (T,A) be a locally constant measurable cocycle. If the supporting monoid is simple 
then the Lyapunov spectrum is simple. 

This is an adaptation of the main result in [AV2] to the present situation. For completeness, a 
proof is provided in Appendix 2. 

7.2. Locally constant projective cocycles. Fix any p > 2. Wc call PK^ the standard simplex. 
A projective contraction is a projective transformation taking the standard simplex into itself or, in 
other words, it is the projectivization of some matrix B G GL(p, R) with non-negative entries. The 
image of the standard simplex by a projective contraction is called a simplex. 

A projective expanding map T is a map UA"' — > A, where A is a simplex compactly contained 
in the standard simplex, the A^ form a finite or countable family of pairwise disjoint simplexcs 
contained in A and covering almost all of A, and T^> = T : A^ — > A is a bijection such that 
(y(O)- 1 ig the restriction of a projective contraction. 

Lemma 7.1. If T : UAW -> A is a projective expanding map then it has approximate product 
structure with respect to Lebesgue measure. 

Proof. This follows from the well-known fact that the logarithm of the Jacobian of a projective 
contraction relative to Lebesgue measure is (uniformly) Lipschitz with respect to the projective 
metric. See the proof of Lemma 2.1 of [AF] or the Appendix of [AV2] for details. □ 

7.3. Proof of Theorem 1. Let 7 G Hffi) be any path such that PA 7 is compactly contained in 
PAj^. This is easy to satisfy: for every x G PA<r, the connected component of x in PAJ^ is compactly 
contained in PA^ for every n sufficiently large. Let T be the first return map to PA 7 under the 
Zorich map. We define a linear skew-product (x, h) 1— > (T(x),A(x) ■ h) over T : PA 7 — ► PA 7 , by 
setting A(x) = B z (R r ^ 1 (x)) ■ ■ ■ B z (x), where m = m(x) is the first return time of x to PA 7 . The 
map T preserves the probability measure 
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and the Lyapunov exponents of (T, A) are obtained multiplying the Lyapunov exponents of the 
cocycle (Rz,B z ) by l//xz(PA 7 ). Notice that T is a projective expanding map. So, by Lemma 7.1, 
(T, A) is a locally constant cocycle. 

Let 7r' be the start of 7. Let 70 be an arrow ending at n' and which is either top or bottom 
according to whether 7 starts by a bottom or a top arrow. Let it be the start of 70. Let 71 be a path 
starting by 7 and ending at ir. Then the monoid B generated by the A{x) contains 6(7111(^)70). 
Hence B is a submonoid of 6(IT(7r')) containing 6(7i7on(7r')7i7o). Since, the action of 6(n(7r')) on 
H(tt') is simple, Lemma 4.16 gives that the monoid B generated by the A(x) is also simple. Now 
Theorem 1 is a consequence of Theorem 2. □ 

Appendix A. Proof of Theorem 2 
Here we prove our sufficient criterion for simplicity of the Lyapunov spectrum. See also [AV2] . 

A.l. Symbolic dynamics. Let us say that two locally constant cocycles (T, A) and (T',A') arc 
equivalent if fi(A^) = //(A'*) for all / E ft and A^> = A'W for all I e A. It is clear that two 
measurable locally constant cocycles have the same Lyapunov spectrum if they are equivalent. Any 
locally constant cocycle is equivalent to a symbolic locally constant cocycle, that is, one for which 
the base transformation is the shift (xi)i^n 1— » (2^+1 )igN over A N , where N = {n e Z, n > 0}. Thus, 
it is enough to prove Theorem 2 in the symbolic case. Let us introduce some convenient notation to 
deal with this case. 

Let E = A N . Given I = (li, . . . , l m ) e ft, let E- be the set of (xi)°Z such that Xi = U+i, < i < m. 
We also write |Z| = m. Let / : E — > E be the shift map. A cylinder on E is a set of the form /~™(E-) 
with neN. Denote by /- the restriction of f m to E-. A probability measure on E is defined once 
specified on cylinders. Thus, an /-invariant probability measure is completely determined by its 
value on the E-. Given an /-invariant probability yu, let ^ : ft — > M+ be defined by <j)^(V) — /u(E-). 
For l 1 = (l 1 ,..., l m ) and l_ 2 = (l m +i, l m +n) we denote = (h, . . . , l m+n ). 

We will say that n has bounded distortion for / if it gives positive measure to all cylinders and 
there exists C(fi) > such that 

(A.l) J_< ^Oila) < c( } foraU^en. 

Notice that this last condition is equivalent to 

Hence, \i has bounded distortion for / if and only if (/, \x) has approximate product structure. 

A.2. The inverse limit. Let E_ = A Z \ N and E = A z . Then, E = E_ x E. Let tt_ and tt be the 
coordinate projections. Let / : E E be the shift map. Then n o f = f o n. Let E- = E_ x E- and 
E^L = / m (Ei), with m = |Z|, and E^l C E_ be such that E^l = E^l x E. A cylinder on E is a set of 
the form /"(E-), neZ. 

A probability measure on E is defined once specified on cylinders. An /-invariant probability 
measure is, thus, completely determined by its values on the E-. Thus, there is a bijection fi 1— ► ^ 
between /- and /-invariant probability measures given by 7r»/t = /i. We call ft the lift of /j,. We 
say that fi has bounded distortion for / if has bounded distortion for /. This implies that /" is 
ergodic with respect to jj, for every n > 1. We also denote by /i_ the projection of fi to E_. 
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A. 3. Invariant section. Fix some probability measure \i with bounded distortion and let fx be its 
lift. Given a locally constant measurable cocycle (/, A), we may consider its lift (f,A), defined by 
A(x) — A(tt(x)). It naturally acts on E x Grass(fc, H), for any 1 < k < dimH — 1. Let k be fixed. 
Given I £ £1, let £/ = A- ■ E^(A-) if defined, otherwise choose & arbitrarily. For x e E_ and n e N, 

let Z(x,n) e il be such that \l{x,n)\ — n and x e Yrf ,n \ 

Theorem A.l. Let (f,A) be a symbolic locally constant measurable cocycle, and assume the sup- 
porting monoid is simple. Then, 

(1) There exists a measurable function £ : E_ — ► Grass(/c, H) such that £ = £ o 7r_ satisfies 

!(/>)) - i(x) • 

(2) For fi- -almost all x e 'E- we have lno-fc(A^ x '™)) — ]iujk+i{A-( x ' n ^) — » oo and £;( Xj „) — > 

(3) For every hyperplane section S C Grass(fc, iJ) i/iere exzsis a positive [i^-measure set of 
x G E_ s-uc/i i/iai £(x) ^ S". 

The proof of this theorem will take several steps. 



A. 4. Measures on Grassmannians. Let fa be a probability on E x Grass(fc, ff). We say that 
m is a u-state if its projection on S is /t and there exists C(rh) > such that for any Borel set 
A C Grass(fc, H) and any Zq, Z, Z' € f2, we have 

(A.3) — -rrzMYh. x Si' x A) < C(m)— \^m(Th x E- x A). 
m(^ a ) 

It is easy to give examples of w-states: take any probability measure v in Grass(fc, H) and let 
m = fi x v (in this case C(m) = C(p) 2 works). From this we can get examples of it-states invariant 
under (/, A), as follows. 

Let M be the space of probability measures on E x Grass(fc, H) that project to fx on E. We 
introduce on M the smallest topology such that the map n h- > J ipdn is continuous, for every bounded 
continuous function ip : E x Grass(fc, H) — ► R. We will call this the weak* topology. Notice that 
A/" is a compact separable space. This is easy to see in the following alternative description of the 
topology. Let K n C E, n > 1 be disjoint compact sets such that fx(K n ) > and ^2 (i(K n ) = 1. Let 
Af n be the space of measures on K n x Grass(fc, H) that project to (fx \ K n ). The usual weak* topology 
makes j\f n a compact separable space. Given r\ 6 N, let 7/ rl 6 J\f n be obtained by restriction of r\. 
This identifies A/" with II-Md an d the weak* topology on M corresponds to the product topology on 

II a;. 

Lemma A. 2. Let m n be a u-state. For every n > 0, 
(A.4) mW = (/,A)?(mo) 

is a u-state and C(m^) < C(m )C(p,) 2 . 

Proof. We must show for Z ,Z,Z' € f2 and A C Grass(/c,i?) measurable that 

(A.5) 4El™o" ) (£ i ° x S 1 ' x A) < C{mv)C{pi) 2 m { u\Yh x^xl). 

/i(Ei ) 
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It is enough to consider the case when |Z | > n. In this case write Z = Z-^ with \l 2 \ = n. Then 



(A.6) i^Im^CS^ x Si' x X) = i^mo(S^ x E^' x (A- 2 ) -1 • X) 



< C(m )C([i) 2 mo(Yrl x £^ x (A- 2 ) -1 • X) 

= C{m )C{y) 2 m^\Yh xY^x X), 

as claimed. □ 

For any fixed C > 0, the space of u-states rh with C(m) < C is a convex compact subset in the 
weak* topology. So, the next statement implies the existence of invariant u-states. 

Corollary A. 3. Let rh be a u-state. Let rh be a Cesaro weak* limit of the sequence 

(A.7) (/A(mo). 

Then rh is an invariant u-state with C(m) < C(mo)C(/x) 2 . 

Lemma A. 4. Let rh be a probability measure on E x Grass(fc,i?). For x <E E_, /ei m^™'(a;) 6e 
i/ie probability on Grass(/c, i?) obtained by normalized projection of rh restricted to Yr^' n ^ x E x 
Grass(fc, i/). T/ien, /or — almost every x, the sequence rh^ n \x) converges in the weak* topology 
to some probability measure rh(x). 

Proof. Since Grass(/v, H) is a compact metric space, and keeping in mind the definition of the weak* 
topology, it is enough to show that if <j> : Grass(fc, H) — > M is continuous then for almost every 
x E E_ the integral 4>^ n \x) of with respect to m^ n \x) converges as n — > oo. This is a simple 
application of the martingale convergence theorem. A direct proof goes as follows. 

We may assume that < <j>(z) < 1, z G Grass(fc, H). Consider the measure v < \x_ defined by 

v{X) = I <j>(z)drh(x,y,z). 

J XxHxGrass(k,H) 

Then, i/(S^ x ' n) ) = <p( n \x)(j,-(Y,^ x ' n) ). Let 4>+{x) = lim sup 4>^ (x) and 0-(a;) = lim inf <^ n ) (a;) . 
We have to show that for every a < b the set U a ,b = {x <E E_, <j>~{x) < a < b < cf) + (x)} has zero 
^-—measure. To do this it is enough to show that v{U a ,b) > bfi-(U a fi)— e and v(U ai b) < a[i-(U a .b)+e 
for every e > 0. We will show only the first inequality, the second one being analogous. Fix an open 
set U D U a ,b with fJ,-(U \ U a ^ b ) < e. Let 

N(x) = min{n, Yrf' 7 ^ C U} and n{x) = mm{n > N(x), (j) (n) (x) > b}. 

Let U N = U xe u a jS-i 1 '"^". Then f/ 0i (, C f/^ C £/ and there exists a (finite or countable) sequence 
xj E U a . b such that U N = UjE^'"^^. In particular, v{U N ) - v{U afi ) < e and 

= ^z/(E^' n(xj)) ) > J2 b ^ L - XjMXj)) ) > b»-(Ua,b). 

3 3 

This implies that v{U a ,b) > bfi-(U a .b) — e, as required. □ 

Lemma A. 5. T/iere exists N > 0, 8 > 0, m > 0, I l q and l q ., 1 < i < m with the following 
properties: 

(1) 1^1 = 1^1 = 1^1=^, 

(2) The matrix A-p has simple Lyapunov spectrum, 
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(3) A-i ■ F n G = {0} for every F G Grass(fc, H) and G G Grass(dim H — k,H) which are sums 
of eigenspaces of Ah , 

(4) For every F G Grass(/c, H) and G G Grass(dimi/ — k, H) such that F is a sum of eigenspaces 
of A-v , there exists i such that the A-n ■ F and G form angle at least 6. 

Proof. Since B is simple, there exists lp such that the matrix Ah has simple Lyapunov spectrum. 
Let B' C B be the monoid consisting of the A- where |Z| is a multiple of \l-\. Then B' is a large 
submonoid of £>, in the sense of Lemma 4.16, and so B' is simple. By the definition of twisting 
and Lemma 4.3, there exists 1^ such that \l^\ is a multiple of |/^| and Ah ■ F (~l G = {0} for every 
F G Grass(fc, H) and every G G Grass(dim_ff — k, H) which are sums of eigenspaces of A-*. For the 
same reasons, for every G G Grass(dimi? — k, H) there exists Lgto) sucn that \lq(G) \ 1S a multiple of 
\lp\ and Ah( a ) • F n G = {0} for every F G Grass(fc, H) which is a sum of eigenspaces of Ah. By 
compactness of Grass(dimi/ — k,H), one can choose finitely many l^. among all the iq(G)i so that 
for every G G Grass(fc, H), 

max min angle (Ahi ■ F,G) > 0, 

i F 

where the minimum is over all F G Grass(fc, H) that are sums of eigenspaces of Ah . Using compact- 
ness once more, the expression on the left is even uniformly bounded below by some S > 0. Let N 
be the maximum of \l-\, |Z-| and i-.. Let l p , and l^. be obtained from l~, and by adding at 
the beginning as many copies of lp as necessary to get to length N. One easily checks the required 
properties. □ 

For Is ft, let l n be obtained by repeating I exactly n times. Given a probability measure p on 
Grass(/c, H), let be the push-forward of p under A- : Grass(fc, H) — ► Grass(fc, H). 

Lemma A. 6. Given e > and any probability measure p in Grass(fc, H), there is n — n (e, p) and, 
given any l G fl, there is i — z(7 ) such that p^(B) > 1 — e for every n > n , where I — IpLgLpLqiLo 
and B is the e-neighborhood of 

Proof. By (2) in Lemma A. 5, when n is large most of the mass of ph is concentrated near sums 
of eigenspaces of A-? of dimension k. Then most of the mass of ph-i is concentrated near the A-i- 
image of those sums. Using (3) in Lemma A. 5, it follows that, when n is large most of the mass 
of phhh is concentrated near the subspace F G Grass(fc, H) given by the sum of the eigenspaces 
associated to the k eigenvalues of Ah with largest norms. Now let G(l ) G Grass(dimi/ — k, H) 
be spanned by eigenvectors of (A^>)*A^ corresponding to dimiJ — k smallest singular values; if 
ak(A-o) > a k+1 (A-o) then the only choice is G(l ) = E^(A^). Then, in general, the family A^>, l 
is equicontinuous restricted to the subset of fc-dimensional subspaces whose angle to G(l ) is larger 
than any fixed 5/2. Choose 8 > as in Lemma A. 5, and let i = i(/ ) be as in (4) of that lemma, for 
this choice of F and G = G(l ). Then most of the mass of phhhht [ s concentrated near A-"i ■ F, 
and so most of the mass of is concentrated near A-"i-° ■ F, as long as n is large; moreover, the 
equicontinuity property allows us to take the condition on n uniform on Z . In particular, we get 
that f£ converges to the Dirac measure at A- q i- a ■ F when n goes to infinity. 

Now it suffices to show that ^ is close to A- q i-° ■ F when n is large, uniformly on Z . This can be 
done applying the previous argument to the case when p is the Lebesgue measure on Grass(fc,-ff), 
and using (2) in Lemma 2.11 for x n = A-phh; we conclude that ln<7fc(A-) — lnak+i(A-) — > oo and 
that = A 1 - ■ E^(A-) converges to A- q ^- a ■ F when n — > oo, as claimed. □ 

Lemma A. 7. There exists C = C (f,A,p) > and a sequence of sets X n G such that \V\ > n 
for all I G X n , the Yr_, I G X n are pairwise disjoint with Y^iex > CfT 1 and, given any 
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probability measure p on Grass(fc,£f) and any n > no(e,p), we have 
(A.8) p L (B) > (1 - e) for all I G X n 

where B is an ^-neighborhood of 

Proof. Let us order the elements of I G fl by inclusion of the T,~_. Let X® be the collection of 
elements of fi of the form {™I ? I"{ g .I where |Z is a multiple of (2n + 2)N. Let X\ C X° be the 
maximal elements. Then the Yr_, I G X\ are disjoint and (by ergodicity of f( 2n + 2 ) N ~j 

(A.9) ^ M -(S I _) = 1- 

Notice that if lpl q lpl qi l G X\ for some 1 < i < m then lpl q LpL qi Lo G -X^ for every 1 < i < m. Let 
X n be the set of I G X„ such that Z = lpl q lpl qi l with i — i(l ) as in the previous lemma. Then 

(A.IO) ]T > C( M )- 2 min M-^)- 

Ki<m 

To conclude, apply the previous lemma. □ 

Proof of Theorem A.l. Let m be an invariant w-state, given by Corollary A. 3, and let v be its 
projection on Grass(fc, H). For almost every x G £_, let m(™)(x) and m(x) be as in Lemma A. 4. 
Notice that we have, for any Borel set Y C Grass(fc, H), 

1 rn {n Hx)(Y) 
(ATI) — — < ,. [ '} V < C(m). 
v 7 C(m) ~ (y) - v ; 

In particular, m(x) is equivalent to any limit of p-^ x ' n \ By Lemma A. 7, there is Z C £_ with 
P-(Z) > Cq 1 such that t^( x > n ) accumulates at a Dirac mass for all x G Z. Using Lemma A. 4, 
it follows that rh{x) is a Dirac mass for almost every x G Z. By ergodicity and equivariance, 
rh{x) is a Dirac mass for almost every x € £_. We will denote the support of this Dirac mass by 
£(x). Hence, £(x) is the support of \miv-( x ' n \ Let £ = £ o 7r_. Then £(/(x,y)) = A(x,y) • £(x,y). 
Notice that the push-forward of ^_ by £ is equal to v. In particular, the support of v is forward 
invariant under the action of the supporting monoid B. Observe that the support of v can not be 
contained in any hypcrplanc section S: otherwise, C\ x ^bx _1 • S would be a non-trivial invariant linear 
arrangement, and this can not exist because B is simple. It follows from part (2) of Lemma 2.11 
thatln<T^A^"))-lnCT fc+ i(^"))^c<)and£(a;)=lim„^ TO £ Kxi „ ) . □ 

Remark A.8. It follows that the push-forward of fi by (x, y, z) ^ (x, y,£(x)) is an invariant u-state. 
It is not difficult to see that it must coincide with rh. Thus, the invariant u-state is unique. See also 
Remark 5.4 in [BV]. 

A. 5. The inverse cocycle. Given I G Cl, let = E^(A-) if defined, otherwise choose arbitrar- 
ily. For x G £, let l~(x,n) G be such that \T{x,n)\ = n and x G 

Theorem A.9. Let (/, A) &e a symbolic locally constant measurable cocycle, with simple supporting 
monoid. 

(1) There exists a measurable function £~ : £ — > Grass(dimi/ — fc,i?) suc/i t/iat £~ = £~ o 7r 
safe/?es £-(f(x)) = A(x) ■ £~(x), 

(2) For p-almost every x G £, lno- fe (^~( x > n )) - lno- fe+ i(^~( x '")) oo and £~ (a . n) -> £"(x). 

(3) For ei)ery hyperplane section S C Grass(dimiJ — k, H) there exists a positive p— measure set 
of x G £ such that £~ (x) £ S. 
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Proof. The cocycle is also measurable. Let J : £ — > E be given by J(xi)i S z = (z-i-i)iez- 

Then J conjugates to a locally constant symbolic cocycle (f,B), where _B is defined by 

B(x) — A^ 1 (J(x)) = A(f~ 1 (J(x)))~ 1 . The corresponding supporting monoid is also simple, by 
Lemma 4.12. The result then follows by application of Theorem A.l to (f,B), with dimiJ — k in 
the place of k. The invariant sections are related by £T = £^ o J. □ 

A.6. Proof of Theorem 2. Let 1 < k < dimH - 1. We must show that 6 k (f,A) > 6 k+1 (f,A). 
Let £ : £_ — > Grass(fc,i/) be as in Theorem A.l, and let £~ : S — > Grass(dimiJ — /e,i/) be as in 
Theorem A. 9. We claim that £(x) n£~(y) = {0} for fi— almost every (x, y) G £_ x S. Indeed, if this 
was not the case then, by ergodicity, we would have £(x) n £~(y) ^ {0} for /}— almost every (x,y). 
By Fubini theorem and bounded distortion, it would follow that £(x) n £~(y) ^ {0} for almost 
every x G £~ and /i— almost every y G S. This would imply that £(x) is contained in the hyperplanc 
section dual to £~(y) for almost every x G £ _ , contradicting Theorem A.l. 

Let F™ G Grass(fc,£f) and F s G Grass(dim_ff — k, H) be subspaces in the support of and 
respectively, such that F u D F s ~ {0}. Choose an inner product so that F u and F s are 
orthogonal. Let e > be such that if F and F' belong to the balls of radius £o around F u and 
F s , respectively, then F n F' = {0}. Fix < e 3 < e 2 < ei < eo- Take < e 4 < e 3 small and let 
X = X- x X be the set of (x, y) such that belongs to the ball of radius £4 around F u and 
belongs to the ball of radius £4 around F s . Let n(x, y) > be minimum such that A-^'™) takes the 
ball of radius e\ around F u into the ball of radius £3 around F w whenever n > n(x, y) is such that 
f~ n (x, y) G X. Then n(x, y) < 00 for almost every (x, y) G A"_ x A, by Theorems A.l and A. 9 and 
Lemma 2.8. 

Let Z G X be a positive measure set such that the minimum of the first return time r(x, y) of / 
to Z is bigger than the maximum of n(x, y) over (x, y) G Z. Let R denote the return map to Z. For 
every (x,y) G Z, choose C(x,y) G SL(_ff) in a measurable fashion in the c~ ^-neighborhood of id, 
such that C(x,y)-£(x) = F u and C{x,y)-£-(y) = F s . Let B(x,y) = C(R(x, y))AUj(x, y)' 1 , where 
I = l~ (y,r(x,y)). Then the Lyapunov exponents of (R,B) relative to the normalized restriction 
of fj, to Z are obtained by multiplying the Lyapunov exponents of (/, A) by l/(i(Z). Taking £ 4 
sufficiently small, we guarantee that B(x,y) takes the closure of the ball of radius £2 around F u 
into its interior. It follows from Lemma 2.12 that ak(B(x,y)) > ak+i(B(x,y)) for almost every 
(x,y) G Z, and E+(B(x,y)) = F u and E^(B(x,y)) = F s . We conclude that 

(A.12) k (R,B) -6 k +i(R,B) > -5— / \\na k (B(x,y)) -\na k+1 (B(x,y))} dfi(x,y) > 0, 



which implies the conclusion of the theorem. □ 



A. 7. Generalizations. Theorem 2 may be seen as a criterion for simplicity of the Lyapunov spec- 
trum for products of matrices generated by a stationary stochastic process. Although we have stated 
it in the case when there is a finite or countable number of states, our method can actually be used to 
prove the following more general result. Let (T : (A, fi) —> (A, fj,), A : A — > SL(H)) be a measurable 
cocycle. Given k > 1 and any set Z G SL(if) fc , we denote 

(A.13) Z A = {x G A : (A(x), . . . , A(T k ~ 1 (x))) G Z}. 

We say that the cocycle has approximate local product structure if there exists C > 1 such that, for 
any m,n > 1 and measurable sets X G SL(H) n , Y G SL(H) m , 



(A.14) 



C-V(^ A )A*(^ A ) < A» (( x x ^) A ) < Cfi(X A )fi(Y A ). 
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Theorem A. 10. Let (T : (A, /j,) — > (A,fi),A : A — > SL(_ff)) be a measurable cocycle with approxi- 
mate local product structure, and assume that the submonoid of SL(H ) generated by the support of 
the measure A*fi is simple. Then the Lyapunov spectrum of(T,A) is simple. 
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